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Abstract

In this thesis, we aim to construct some designs and their codes from the projective
symplectic group PSpy(q), where “¢” is a prime power. We study the primitive per-
mutation representations and conjugacy classes of projective symplectic groups and
construct binary and ternary codes invariant under the group PSps(q). To achieve
this, we examine the structures of each maximal subgroup and study the conjugacy
class table and character table within the group PSps(q). We identify fixed points
of the primitive actions of PSps(q) and compute the designs parameters. We then
construct codes that are invariant under the action of PSp4(q). Our investigation fo-
cuses on specific classes of maximal subgroups of PSp4(q), where we determine the
design parameters using two methods known as Key-Moori Method 1 and 2. Finally,
we construct codes based on these design parameters.

The goal is to find the suborbits corresponding to specific maximal subgroups. To
do this, we first identify some maximal subgroups of the group, then examine how
the group action partitions the set into suborbits under the action of each maximal
subgroup. These suborbits can help us understand the structure of the group and its
actions more effectively, as outlined in Method 1. We examine the character table of
the group PSp4(q), which provides information about the irreducible representations
and their degrees. Using this information, we then find the corresponding permutation
characters, which describe how the group acts on sets, such as conjugacy classes or
coset spaces, under Method 2. By employing the techniques of examining suborbits
and character table of the group PSps(q), we are able to derive block-primitive and
point-transitive 1 — (v, k, \) designs from the conjugacy classes and maximal subgroups
of the group PSps(q). We analyze 1 — (v, k, A) design properties and construct codes
that are defined by the action of groups matrices of the designs.

We also determine the corresponding linear codes associated with these designs in the



special case where ¢ = 3. We examine various properties of these codes, such as their
dual structure, weight distribution, and error-detection and error-correction capabili-
ties. The codes, which are constructed using the permutation group, can be viewed
as submodules of the permutation module corresponding to the action of PSp4(q).
By analyzing these codes, we gain insights into their invariant properties and sym-
metries in relation to the group action. To demonstrate this, we focus on the finite
simple group G = PSp,(3) and explore the linear and ternary codes derived from its 2-
and 3-dimensional representations. Additionally, we establish connections between the

combinatorial designs and the codes that remain invariant under the action of PSp4(3).
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Notation and conventions

the set of natural numbers

the set of integer numbers

a field

F — {0}

the field of real numbers

the field of complex numbers
characteristic of the field F

a vector space

dimension of a vector space V'

a vector space of dimension n over Iy
determinant of a matrix of vector space V'
a group

the identity element of G

K is a subgroup of G

K is not a subgroup of G

N is a normal subgroup of G

the automorphism group of G

a non-spit extension of N by K

a split extension of N by K

a central product of N by K
conjugation of h by ¢

the normalizer of the subgroup H in G
the centralizer of the subgroup H in G
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a g-ary code

an incident structure

a generator matrix of a code

the parity check matrix of a code

the automorphism code of C'

the automorphism design of D

a graph

the projective geometry

the affine geometry

a binary code of length n and dimension k
a binary code of length n, dimension k£ and minimum distance d
a set of polynomials

a set of polynomials over finite field [Fy

a set of ring polynomials over finite field F
a code generated by f(z)

the subspace spanned over F by subset {x1,zo, -, z,}
a set

empty set

the cardinality of the set €2

the Galois field of ¢ elements

general linear group of dimension n over F,
general linear group over V'

the centre GL(V)

the dot product of v and u

the Galois field of 2 elements

general linear group of dimension n over Fy
the symmetric group on n symbols

the alternating group on n symbols
symplectic group of dimension 2m over F,

projective symplectic group of dimension 2m over [,
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Introduction

In [34], Key and Moori used two methods to construct combinatorial designs and codes
from finite simple groups. They considered the primitive permutation representation
and the conjugacy classes of simple groups to construct 1-designs. These methods have
been applied to some families of simple groups [34], B8, 42], including several sporadic
simple groups [27], 2§]. In 2020, Moori developed a third method to construct 1-designs
from the fixed points of the action of a permutation group [37]. Using Method 1, Moori
and Saeidi constructed some designs and codes that are invariant under the action of
the Tits group [38]. In [12], Darafsheh applied Method 1 to construct designs from
PSLs(q) and a pair of maximal subgroups that are isomorphic to dihedral groups. In
[39] and [40], Saeidi and Moori applied Method 1 and 2 to construct designs and codes
from all maximal subgroups of P.SLy(q) for ¢ even. They also constructed some designs
that are invariant under Suzuki groups Sz(q), where ¢ is even. Thereafter, Mbaale,
Rodrigues and Zandi applied Method 1 and 2 to construct designs and codes from
maximal subgroups and conjugacy classes of PSLy(q) for ¢ a power of an odd prime
[32]. Moori used Method 3, which involves utilizing fixed points from a finite group,
to construct designs and codes [37]. Saeidi then applied reduced designs developed
using Key-Moori Method 2 and examined their relationship with those found by using
Method 3 [49).

In this thesis, we construct designs using the maximal subgroups and conjugacy classes
of the projective symplectic group PSp4(q). The projective symplectic group PSp4(q)
is defined as the group of symmetries of a 4-dimensional vector space over the finite
field IF, acting on a non-degenerate skew-symmetric bilinear form. It can be viewed
as a quotient group of the symplectic group Sps(q). We investigate specific classes of
maximal subgroups of PSp,(¢) and determine the design parameters employing Key-

Moori Methods 1 and 2. The method involves constructing the suborbits corresponding



to specific maximal subgroups of PSp4(q) and examining the character table of the
group. We analyze the character table and determine the corresponding permutation
characters of PSp4(q) to construct the design parameters. We also construct linear
codes and ternary codes which are invariant under the action of the group PSp4(3).
Our notations for designs follows as in [4]. Let D = (P, B,Z) be an incidence structure;
that is, a triple consisting of a point set P, a block set B which is disjoint to P, and
an incidence set Z C P x B. If the ordered pair (p, B) € Z, we say that p is incident
with B. It is often convenient to assume that the blocks in B are subsets of P, so
(p, B) in Z if and only if p in B. For a positive integer ¢, we say that D is a t-design
if every block B in B is incident with exactly k points and every ¢ distinct points are
together incident with A blocks. In this case, we write D = t—(v, k, \), where v = |P].
We say that D is symmetric if it has same number of points and blocks, otherwise, D
is non-symmetric.

A finite field of ¢ elements, is denoted by [F,. A linear code of length n over IF, is defined
as a vector subspace of V' =1IF}. A codeword is a vector v in a linear code of a vector
space V. The Hamming distance d(u,v) between any two vectors u and v in the code
C' is the number of coordinates in which they differ. In a linear code, the minimum
Hamming distance d is equal to the minimum weight of its non-zero codewords. This
is denoted by wt(C') = min{wt(v)|v in C,v # 0}, where wt(v) denotes the weight of
the vector v (the number of non-zero coordinates in v). The minimum weight among
the non-zero codewords in the code C' gives the minimum Hamming distance of the
code. The dual code (or orthogonal code) of a linear code C, denoted by C*, is the set
of vectors in V' that are orthogonal to every vector in C' with respect to the standard
dot product. A code is said to be self-dual if C is equal to its dual code C*, and it
is self-orthogonal if C' is a subset of its dual code C*. Consider, a binary (n, k)-code,
where n denotes the length and £ is the code dimension. If the minimum distance of
a code is known and represented by d, then we write (n, k, d)-code.

In linear codes, the weight of a code is the minimum number of non-zero (or 1’s) in any
of the codewords. The weight of the code (often referred to as the minimum weight)
is important in determining its error-detecting and error-correcting properties. The
support of a codeword is the set of coordinate positions in which the codeword has
non-zero entries. Two different codewords of weight w may have the same support.

Let P ={1,2,3,--- ,n} be the set of coordinate positions in the codewords. The set B



can be defined as the set of supports of the codewords of weight w in a code C, where
each support is a subset of P that contains exactly w positions. It is possible that
(P,B,I) is a t-design for some t if the incidence relation Z is the typical containment
of sets. In this case, we say that the codewords of weight w in C' hold or support a
t-design, which is called a support design of C'. A Steiner system is a type of block
design, specifically a t-design with A = 1 and ¢t > 2. A Steiner system with parameters
(t,k,n) written S (t,k,n) for n > 1 is an n-element set S together with a set of k-
element subsets of S called blocks, with the property that each t-element subset of S
is contained in exactly one block.

The body of the thesis is structured as follows:

In Chapter 1, we give the preliminary definitions and results of group theory. The
topics discussed include permutation groups, the transitive action of a group on some
set; representation theory; vector spaces; modular representations; and permutation
characters.

Chapter 2 is divided into six sections as follows: In Section 2.1, we explore design theory,
discussing the definition of an incidence structure and the incidence matrix of a design.
In Section 2.2.1, we construct designs using Key-Moori Method 1. We will discuss
how to construct symmetric 1-designs from primitive permutation representations of a
simple group. In Section 2.2.2, We use permutation characters to find the parameters of
designs under Method 2. In Section 2.3, we discuss linear codes and their duals. A block
code, denoted by (n,k,d), is defined by its word length n, the number of codewords
k, and its minimum distance d. In Section 2.4, we provide a comprehensive overview
of how G-invariant designs and codes are constructed using algebraic computational
algorithms.

In Chapter 3, Sections 3.13.6, we provide a background on the projective symplectic
group PSpy(q) in general. The behavior, cardinality, structure, simplicity, and polarity
forms of the projective symplectic groups are discussed. We also discuss the conjugacy
classes, class representatives, the order of centralizers, and the sizes of each conjugacy
class of Spy(q). Therefore, we use these results to construct the conjugacy classes and
character table of PSp,(q) in order to construct 1-designs. In Section 3.7, we investi-
gate some maximal subgroups of PSp,(q), along with their structures, properties, and
indices.

In Chapter 4, we provide the designs constructed and obtained using the two methods:



Key-Moori Method 1 and Key-Moori Method 2. We also provide the corresponding

codes and their duals that are invariant under PSp4(3).



Chapter 1
Groups and representation theory

In this chapter, we discuss groups and representation theory along with their applica-

tions. We refer the reader to the notes in [43], [47], [48] and [55] for more details.

1.1 Preliminary group concepts

Definition 1.1.1. A group is a set G together with a binary operation * satisfying the
following conditions for g, h,k € G :

(i) there exist 1 € G, such that gx 1g = 1g*xg =g for all g € G;
(ii) for every g € G, there exist g=' € G such that g7  x g = g* g7 = 1¢g;
(1)) g% (h*k)=(g*h)*k.

The element g is called the inverse of g € G, and the element 1¢ is called the identity
element of G.

Remark 1.1.2. A group (G, *) is said to be abelian if g« h = hx g for all g,h € G.

In cases where the operation * is trivial or well-known, we write G' to denote the group

(G, *). We also simply write a - b or ab for a * b.

Definition 1.1.3. Let G be a group. If H C G then H is a subgroup of G if H is a

group under the binary operation inherited from G.

Theorem 1.1.4. [/ Let H be a non-empty subset of a group G. Then H is a subgroup
of G, denoted by H < G, if and only if the following conditions hold:

bt



1. H 1is non-empty.
2. For all a,b € H, the element ab~' € H.
These conditions imply that H contains the identity element of G.

Note 1.1.5. The order of a finite group G, denoted by |G|, is its cardinality, which is

the total number of elements in G.

Definition 1.1.6. Let G be a finite group and p be a prime. Then G is called a p-
group if the order of G, denoted by |G|, is a power of p; that is, |G| = p™ for some
non-negative integer n. Furthermore, in a p-group, the order of each element of G is

also a power of p.

Definition 1.1.7. A group G is called cyclic if there exists an element g € G such that
every element of G can be expressed as a power of g. That is, G = (g) = {g"|n € Z}.

Definition 1.1.8. Let H < GG. We say that H is a normal subgroup of G if for all
g € G, we have gHg™' = H. This is denoted by H < G.

Proposition 1.1.9. [/§ A subgroup H of a group G is said to be normal in G, denoted
by H I G, if for every element g € G, the conjugate of H by g is contained within H.
This means that for all g € G and h € H, we have:

gHg ' =H.
That is, the set of all conjugates of elements of H by g s equal to H.
Remark 1.1.10. The set gHg™ ' is a subgroup of G.

Definition 1.1.11. Let g be an element of G. We define ¢4(x) = grg™" for any z in
G. Then ¢4(x) is an automorphism of G, known as an Inner automorphism, denoted
by Inn(G), of G.

Definition 1.1.12. An Inner automorphism of a group G is an automorphism of the
form ¢,(x) = grg™', where x is a fized element of G. Moreover, there is isomorphism
between quotient group 76 where Z(Q) is the center of G and the inner automorphism

G
Z(G



Theorem 1.1.13. [/§ A subgroup H of a group G is normal in G if and only if every
left coset of H in G is a right coset of H in G, that is, gH = Hg for all g in G.

Theorem 1.1.14. [}§ A subgroup H of G is normal in G, if for g € G and h € H,
the conjugate of h of g is still in H. In other words, for all g € G and h € H, the
element ghg™ € H.

Definition 1.1.15. The centre of a group G is the subset,
Z(G) ={g € Glgx = xg, for all z € G}.
Remark 1.1.16. Z(G) is a normal subgroup of G.

Definition 1.1.17. The set G/H is the collection of all distinct cosets of H in G,
where each coset is of the form gH = {gh|h € H} for each g € G.

Definition 1.1.18. If H is a normal subgroup of G, then the group G/H is called a
quotient group (or factor group) of G by H.

Definition 1.1.19. Let G be a finite and H a finite subgroup of G. The index of H
in G, denoted |G : H], is defined as the number of distinct left cosets (or right cosets)
of H in G. The index is given by:

1 _ |G
[G-H]—m,

where |G| is the order (number of elements) of the group G and |H| is the order (number
of elements) of the subgroup H.

Remark 1.1.20. If G is a finite group, then we have |G/H| = % =[G : H].

Theorem 1.1.21. [}§ Let H < G such that if |G : H] = % = 2. Then H is normal
in G.

Definition 1.1.22. A map ¢ of a group G into G is a homomorphism if ¢(ab) =
o(a)p(b) for all a,b in G.

Definition 1.1.23. A homomorphism if ¢ is called a

1. monomorphism if ¢ is one-to-one;



2. epimorphism if ¢ is onto;
3. isomorphism if ¢ is both one-to-one and onto.

Remark 1.1.24. [f there exist an isomorphism from G to G, then we say that G and
G are isomorphism and we write G = G. The isomorphism is an equivalency relation
and two isomorphic groups have the same structure. An isomorphism from a group

into itself is called an automorphism.
Lemma 1.1.25. Let ¢ : G — G be a homomorphism. Then:

1. ¢(e) =e;

2. for any element a € G, we have ¢(a™ ') = ¢(a)~.

Lemma 1.1.26. [/9 If ¢ is a homomorphism from G into G, then the kernel of G,
denoted by Ker(¢), and the image of G, denoted by Im(¢) are defined by

(i) Ker(¢) ={glg € G,9(9) = 15}
(ii) Im(¢) = {d(g)lg € G} = &(G).
Theorem 1.1.27. [/3] If ¢ : G — G is a homomorphism, then
(1) Ker(¢) 4 G;
(i1) Im(¢) < G.

Theorem 1.1.28. [/J Let ¢ : G — G be a homomorphism. Then ¢ is a monomor-
phism if and only if Ker(¢) = {1g}.

Theorem 1.1.29. [/5(First isomorphism theorem) Let ¢ : G — G be a homomor-
phism with kernel K. Then G/K = Im(¢).

Corollary 1.1.30. [/3] If ¢ : G — G is an epimorphism with kernel K. Then G /K =
G.

Theorem 1.1.31. [/ (Second isomorphism theorem) Let H <G, K <G and K < H.

Then %—ﬁ =~ G/H.



Theorem 1.1.32. [45|(Third isomorphism theorem) Let K and H be subgroups of G,
assume that H < G. Then K/KNH = KH/H.

Definition 1.1.33. Let G be a group. The commutator of two elements a,b € G 1is
the element [a,b] = a~'b~'ab. The derived group G is the subgroup of G generated by
all commutators, that is, G = {[a,b] : a,b € G).

Remark 1.1.34. G is abelian if and only if G' = 1¢.

Definition 1.1.35. A group G is said to be perfect if G = G'.

1.2 Permutation groups

The groups of transformations on some set €2 are important groups in mathematics. For
instance, a group of transformations that preserve the structure of a geometric figure,
such as a polygon, is called a dihedral group D,,, where n refers to the number of sides
of the polygon. The symmetric group Sg on a set €) is the group of all permutation of

. A permutation is a bijection from the set 2 to itself.

Definition 1.2.1. [55] A group action is a map 7 : G x Q — Q such that two azxioms
are satisfied; for all g,h in G and w n 2,

(i) g- (hw) = (gh) - w;
(ii) 1g - w = w.

Definition 1.2.2. If Q) is a non-empty set and ¢ : 2 — Q is a bijection, then we say
that ¢ is a permutation on ). The set of all permutations on ) forms a group under
the composition of functions. This group is denoted by Sq and is called the symmetric
group on Q. If Q is finite and |Q| = n, then we can represent Q2 by {1,2,3,--- ,n} and
we denote Sq by S,, where |S,| = nl.

Note 1:2:3. {70 € Su, then we represent ¢ by ¢ = <¢<1> 0(2) 6(3) - ¢(n)>

where,

Q= {172737 T 7n} = {¢(1)7¢(2)7¢(3)7 o 7925(”)}



Definition 1.2.4. Let G be a finite group acting on a set 2, and let o € ). Then the
stabilizer of o € G by Q) is given by

G, ={g€Glaf = al.

In particular, G, is the subgroup of G consisting of all elements that fix o under the

group action.

Definition 1.2.5. [/7] The kernel of ¢, denoted ker(¢) defined in is the normal

subgroup of G consisting of the elements acting trivially on €0, defined as:

ker(¢) = ﬂ G

e

Definition 1.2.6. [55] The image of ¢ defined in denoted by ¢(G) is a subgroup

of Sq. In particular ¢(G) is a permutation group on 2.

Lemma 1.2.7. [JZ An action of a group G on a set S is said to be faithful if Ker(¢) =
lg. In this case, we have G = ¢(G).

Lemma 1.2.8. [/ Let G act on Q. For some x,y € ), define the relation x ~ y if

and only if there is g € G such that g.x = y. Then ~ is an equivalent relation on €.

Remark 1.2.9. The action of G partitions the set ) in to equivalence classes, which
are called orbits of G on Q (or G-orbits on ).

Definition 1.2.10. If G is a group and z,y are contained in G, then we say that x is
conjugate to y in G if there is g in G such thaty = gxg~'. The relation x conjugate to
y 1s an equivalence relation on G. The equivalence classes are called conjugacy classes
of G and are denoted by |x] for x € G. Then we have:

(2] ={y € Gly = gzg~", g € G}.

Definition 1.2.11. If x € G, then centralizer of x in G, denoted by Cg(x), is the set
of all y € G that commute with x, that is

Ca(z) = {ylry = yz,y € G}.

Remark 1.2.12. The centralizer Cg(x) is a subgroup of G.

10



Theorem 1.2.13. [45] The number of conjugates of an element x in a group G is
G : Ca(z)].
Remark 1.2.14. If G is a finite group then the number of conjugates of x in G is:

_ @
Cala)]

Definition 1.2.15. The normalizer of a subgroup H in a group G is defined as:

|[2]| =[G = Co(@)]

Ne(H) ={g € GlgHg™ " = H}.

Remark 1.2.16. The normalizer Ng(H) is a subgroup of G containing H. Addition-
ally, H is a normal subgroup of No(H).

Definition 1.2.17. A group G is said to be simple if G # {1g} and it contains no

normal subgroup except the trivial normal subgroups which are G and {1g}.

Classification of Finite Simple Groups (CFSG) was completed in 1981. It has a history

of nearly 150 years and its proof occupies 15000 journal pages.

Theorem 1.2.18. According to [55], the classification for finite simple groups states

that every finite simple group is isomorphic to one of the following groups:
(1) a cyclic group C, of prime order p;
(i1) an alternating group A,, forn >5;

(7i) a classical group:

symplectic, PSpom(q), m > 2, except PSpy(2);
(iv) one of the finite groups of Lie type (classical or exceptional);
(v) one of the 26 sporadic simple groups.

Remark 1.2.19. PSU,(2) = PSp4(3).

For further details, refer to The Atlas of Finite Groups or Wilson’s book on Group
Theory.

11



1.3 Transitive group action

A permutation group G is said to be transitive on €, if for all a, § € €2, there exist an

element g € G such that the image af of a under g is equal to .

Theorem 1.3.1. [J7 Let a group G acts on a set Q. The set of all orbits of G on Q
form partition of €.

Theorem 1.3.2. A transitive group action of G on a subgroup H is equivalent to the
action of G on the set of cosets G/H, which forms a quotient group if H is a normal

subgroup of G.

Theorem 1.3.3. [/2 If G is transitive on the set ), then G is k-transitive for k > 1,
if for any two sets of k elements (a1, g, -+ ,ax) and (1, B2, -, Br) in §2, there exists

an element of g € G such that (ay,ag, -+ ,ag)? = (B1, B2, -+, Br)-
Note 1.3.4. If k = 2, then G 1is doubly transitive and k = 3 s triply transitive.

Theorem 1.3.5. [0 A k-transitive group is said to be sharply-transitive if for any
k-distinct elements x1xo---x) in the set §2, the stabilizer of these k elements in the

group G, denoted by Gy zy..zy] 15 exactly the identity element {1¢}.

Theorem 1.3.6. [{Z] Let G be a sharply-transitive group on the set ), then |Gz, zy...0p)| =
1 implies that |G| =n(n —1)(n —2)---(n — k +1).

Proposition 1.3.7. [38] Let G be a transitive permutation group of degree n acting on

a set €2 if and only if G has a subgroup of index n.

Theorem 1.3.8. [/ If G is a group acting on a set Q, then for each x in ) there

exists a bijection map f : G% — G -z gwen by f(gGz) = g - x. In particular, any

transitive group action is equivalent to an action on cosets.

Lemma 1.3.9. [38] Assume that G is a transitive group on a set ), with || =n > 2.
If G, is (k — 1)-transitive on S for any « in ), then G is k-transitive on €.
1.4 Primitive group action

In this section, we discuss blocks and the properties of primitive actions.
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Definition 1.4.1. Let G acts on a set Q) and B be a subset of a set € such that B = B
or BYNB =0 for all g in G. Then, B is said to be a block for G.

Remark 1.4.2. For (), and {a} a blocks of size 1 are blocks known as trivial blocks,

otherwise, any other blocks are non-trivial.

Definition 1.4.3. If the action of a group G is transitive on a set €0 such that G
has no non-trivial block on ), then we say G is primitive. Otherwise, G is said to be

imprimitive.

Corollary 1.4.4. [/7] Any transitive group G acting on a finite set Q0 of size p, where

p 1S a prime, 1S primitive.

Lemma 1.4.5. [}7] Let G acts on a set 2 and let By and Bsy be blocks of a permutation
group G. Then B{ N B = By N B,.

Theorem 1.4.6. [{7] If By and By are blocks of a permutation group G, then B N 13
1s also a block of G.

Theorem 1.4.7. [55] Let Q = {1,2,3,--- ,n} be a set. Then for every n,
(i) the symmetric group S, acts n-transitively on ;
(ii) the alternating group A, acts (n — 2)-transitively on €.

Theorem 1.4.8. [J7 For k > 2, every k-transitive group G acting on a set Q) is

primaitive. In particular, we have:
(i) for n > 3, all symmetric groups are primitive such that S, is transitive on €);

(i1) for n > 4, all alternating groups are primitive such that for n > 3, then A, is

(n — 2)-transitive on Q.

Theorem 1.4.9. [/6] Let H be a subgroup of a primitive group G acting faithfully on
a set Q such that {1¢} # H < G. Then H acts transitively on Q.

Theorem 1.4.10. [}0](Characterization of primitive permutation groups) Let G be a
transitive permutation group acting on the set ). Then G is primitive if and only if

for each o € Q, the stabilizer G, is a maximal subgroup of G.
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1.5 Representations and characters of groups

In this section, we discuss general background on representation theory. We refer the

reader to [43] and [55] for notations additional details.

Definition 1.5.1. A representation of a group G on a vector space V' over a field F is
a group homomorphism from G to GL(V'), the general linear group on V. That is, a

representation 1S a map,

¢:G— GL(V)
such that:
$(9192) = ¢(91)p(g2) for all g1, 92 € G.

In particular, if GL(V) is a simple group, then a representation ¢ of GL(V') is said to

be irreducible if there are no non-trivial ¢(GL(V'))-invariant subspaces of V.

Remark 1.5.2. If V is of finite dimension n, then GL(V') is identified as GL(n,F),

the group of n X n invertible matrices on the field F.

Definition 1.5.3. [45] Let f: G — GL,(F) be a representation of the group G over a
field F. Then the function x : G — F defined by x(g) = tr(f(g)) is called the character

of f.
Definition 1.5.4. [/5] Let p : G — GL,(F) be a function such that p(g) = p(xgz™!)

for all x € G. Then p is said to be a class function.

Definition 1.5.5. Let x be a character of G afforded by a representation ¢ of G. Then:

1. An irreducible character is a character afforded by an irreducible representation.
2. The degree of a character x of G is the number x(e).

3. A linear character is a character of degree one.

Remark 1.5.6. 1. If x1 and x2 are two characters of G, their sum s defined
by (x1 + x2)(y) = xa(y) + x2(y) and their product is defined by (x1x2)(y) =
X1(y)x2(y) for ally € G.

2. If x1 is a character of G, its complex conjugate is defined by X(y) = x(y) for all

y € G, where x(y) denotes the complex conjugate of the complex number x(y).
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Definition 1.5.7. [55] Let V- = F™ be a vector space of dimension n over a field F.
Then any linear transformation p : V. — V can be represented by an n X n matrix
with entries from F. Moreover, p is invertible if the corresponding matrixz has non-zero

determinant (non-singular).

Definition 1.5.8. [55] The general linear group of degree n over F, (a finite field of q

elements) is defined as,
GL,(q) = {A| A is an n x n matriz over F, with det(A) # 0}.

Definition 1.5.9. Let G be a group. The set of irreducible characters of G, denoted
by Irr(G), consists of characters that correspond to irreducible representations of G.
These characters can have degrees greater than 1; specifically, the trivial character,
which is of degree 1, is included in this set. All irreducible characters have positive

integer degrees, starting from 1 for the trivial character.

Remark 1.5.10. The GL,(q) acts on' V' this implies that a matriz A € GL,(q) moves

the vector v € V' according to the linear transformation determined by A.

Example 1.5.11. Define:

p:GL3(q) x ¢ = ¢* by (Av)— Av

a b c x ar + by + cz
d e f y | > | de+ey+fz |,
g h 1 z gxr + hy + iz
p is an action of GL3(q) on ¢>.
le O¢ Oc
Observe that, the identity element in GL3(q) is the identity matriz | O0qc 1lg Og
O¢ O0¢ 1lg
such that
1l 0¢ O¢g x lyz + 0y + 042 x
Oc¢ 1lg Oq Y = Oqr + 14y + 042 = Y
O¢ O¢ 1lg z Oqr + 0y + 142

Remark 1.5.12. A group G acting on a set € is corresponds a homomorphism from
G to SQ
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Definition 1.5.13. A character x of G is faithful if its kernel consists of the identity

element alone.

Definition 1.5.14. The principal character of G is the character 1¢ satisfying 1¢(y) =
1 forally € G.

Remark 1.5.15. If x = X', ;4); are characters of G, then 1); are constituents of X,

which are irreducible characters of G.
Lemma 1.5.16. [55] Let G be a group and 2 a set. Then:
(i) For g € G, (-) is the action of G on Q if
O, : Q= Q, T g-x
Then ®, € S, and the map
p: G — Sq, g— @,

1s a homomorphism. So p is called the homomorphism associated to the action

of G on Q.

(ii) Let p: G — Sq be homomorphism of groups. Define a map,
p:GxQ—=Q, (g, 2) = p(g)(x)

Then (-) is an action of G on §Q.

Theorem 1.5.17. [27] (Cayley’s Theorem) Every group G is isomorphic to a subgroup
of Sg. In particular if |G| = n, then G is isomorphic to a subgroup of S,.

Note 1.5.18. The homomorphism p, defined in Lemma is called the left reqular

representation of G.

Theorem 1.5.19. [27](Generalized Cayley’s Theorem) Let H < G and let Q be the
set of all left cosets of H in G. Then there is a homomorphism p : G — Sq such that

ker(p) = () 9Hg™".

geG
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Remark 1.5.20. The homomorphism p is called the permutation representation of G
on the left cosets of H in G. In particular,
ker(p) = () gHg ™,
geG

1s known as the core of H in G.

Corollary 1.5.21. [3]] If G is a simple group containing a proper subgroup H of finite

index n, then G is isomorphic to subgroup of S,.

Theorem 1.5.22. [/Z Let G be a group and H < G. If Q = {gHg '|g € G} then
there exist a homomorphism ¢ : G — Sq such that
ker(p) = () oNa(H)g ™.
geG

Then ¢ is called the permutation representation of G on the conjugates of H.

1.5.1 Modular representation theory

In this subsection, we discuss modular representation theory by first stating the Maschke’s

Theorem.

Definition 1.5.23. [5]|] Let G be a finite group of order n, and let F be a field whose
characteristic is a prime p. We define a linear G-representation as a homomorphism
p: G — GL(V), where V is a vector space over F. The representation p is called
modular if p | |G|. The action of G on the vector space V is defined by gv = p(g)(v)
for g€ G andv € V, making V a G-module.

Theorem 1.5.24. (Maschke’s Theorem) If ¢ is a representation of G over a field F
whose characteristic does not divide the order of G, and W is a G-invariant subspace

of V', then there exists a G-invariant vector space complement of W in V.

Remark 1.5.25. V' is semi simple, Maschke’s Theorem fails if the characteristic of
the field divides |G|. Therefore, in modular representation theory, we may encounter
indecomposable modules that are not irreducible. This issue arises because a finite-
dimensional FG-module can be indecomposable without being irreducible. In contrast,
for infinite-dimensional modules, the situation is more nuanced; while a completely
reducible module is made up of irreducible components, a module that is irreducible

cannot be decomposed further into nontrivial submodules.
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Definition 1.5.26. Let V # () be a permutation module. Then V is said to be simple or
irreducible if it has only trivial submodules and is reducible otherwise. It is decomposable
if it can be expressed as the direct sum of two non-trivial submodules and indecomposable

otherwise.

Definition 1.5.27. Let G be a group and p any prime. If any element g € G can be
expressed as g = st, where the order of s is not divisible by p, (making s p-regular),
and the order of t is a power of p, (making t p-singular), then we say s is p-reqular

and t is p-singular.

Definition 1.5.28. A composition series for an FG-module V is a series of submodules
of the form V.=V, 2V, D Vo D -+- DV, =0 such that each i > 1, the factor V;_1/V;
1s 1rreducible. The integer t is called the length of the module V. Ift is infinite, we say

V' has no composition series.

Theorem 1.5.29 (Krull-Schmidt Theorem). If the module M can be expressed as:
M=W,eWyeW3&E---dW,,

and also as,
M:Ul@U2®U5@@Un7

where Wi and U; are indecomposable module, then X = n and there exists a bijection

between the indices such that W; = Uy for some permutation o of the indices.
Proof. See ([10], Theorem 3.22). O

Theorem 1.5.30. If G is a p-group and F is a field of characteristic p, then the
group algebra FG is indecomposable as an FG-module. This means that FG cannot be

expressed as a direct sum of two nontrivial FG-submodules.
Proof. See ([45], Lemma 3.3). O

Theorem 1.5.31. If GG is a finite group and F is a field whose characteristic does not
divide |G|, then every finitely generated FG-module is completely reducible. FEquiva-
lently, every F-representation of G of finite degree completely reducible.

Proof. See ([15], Chapter 18.1, Corollary 2). O
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Theorem 1.5.32. (Jordan-Holder Theorem for FG-modules) If V is a finite dimen-
sional FG-module, then V' possess a composition series, and the composition factors

are independent of the choice of factor series.

Proof. See ([§], Corollary 8.7).
[

Remark 1.5.33. The consequence of the Jordan-Holder Theorem is that any two com-
position series factors M;/M; 1 of one of the series are simply a permutation of the

composition factors of the other.

Theorem 1.5.34. [/5] The set of all irreducible characters of G is a linear independent

over C. Then we have:
(1) Orthogonality Relation

(i) Z<X1(g))2 = |G|, where x1 is the principal (or trivial) character.
geG

(ii) Y (xi(9))> =0 ifi #1.

geG

(2) Inner Product of Character

(iii) th‘Xi(Q) = 01;|G|, where h; are the degrees of the irreducible characters,
1

cZ;Ld 01, 1s the Kronecker delta.

Definition 1.5.35. Given a group G acting on a finite set ), the character x of the
permutation representation is defined by the condition that for each g € G, the character

x(g) is equal to the number of fixed points of g acting on €.

Proposition 1.5.36. Let G be a group and x be a character of G. For each x € Irr(G),

we have:

(i) x(1g) = deg(x) (the value of the character at the identity element is equal to its
degree).

(i) If x € Irr(G), then X € Irr(G), where X(g) = x(g) for all g € G(the complex

conjugate of an irreducible character is also irreducible).
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(iii) x(g~') = x(g) for all g € G.
In particular, if g=' € [g], then x(g) € R for all .

Definition 1.5.37. [51] Let p and ¢ be two class functions on G. Then the inner
product of p and ¢ is defined as:

1 _ .
<po>=1m g;p(g)cb(g) =@ g;p(g)sb(g ).

Proposition 1.5.38. There are four properties of inner product:
(i) <p,d>=<o,p>.
(ii) < p,p >>0 equality holds if and only if p = 0.
(111) < x1p1 + Tapa, @ >= 11 < p1,0 > +x9 < po, P >.
(1v) < p,x101 + Tade >=T1 < p, 1 > +T3 < p, g >.

Theorem 1.5.39. Let G act transitively on the set 2. Then the following holds:

1. xq is an ordinary character of G of degree |Q].

k
2. xa = >_ 1w, where r; are positive integers and 1; are irreducible characters of

i=1
G.

3. For some j, 1; is the trivial character of G and r; = 1.

k

4. Rank(G) = > rk.

i
=1

Proof. See ([22], Chapter 5). O
Corollary 1.5.40. [22] Let p and ¢ be (not necessarily irreducible) characters of G.

Then < p,¢ >=< ¢, p > is a non-negative integer. Moveover, ¢ is irreducible if and
only if < p,p>=1.

Definition 1.5.41. [29 Let H < G and let p be a class function of H. Then p“ the

induced class function on G, is given by:

1 1
pl9) = 17 27" (29 ™),

zeG
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where p° is defined by:
p(h), if h€H;
0, if h¢H.

p°(h) =

Remark 1.5.42. If p is a class function on G, then p©(1) = [G : H]p(1). Thus p©

is obtained on the set of left cosets given by T as:

p%(9) = p°(tgt™).

teT

Lemma 1.5.43. [27] (Frobenius Reciprocity) If H < G and ¢ is a class function on H
that can be extended to a class function on G, then the relationship between the inner
products is given by:

<% >=< o, on >,

where ©© is the induced class function on G and @y is the restriction of ¢ to H.

Corollary 1.5.44. [22] Suppose H < G and ¢ is a character of H. Then the induced
character ©©, which is defined from ¢ to G, is a character of G.

1.5.2 Induced characters

In this subsection, we discuss the induced characters.

Definition 1.5.45. [38] Let G be a finite group acting on a finite set 0, and let o € Q.
The stabilizer of a in G is denoted by G,. The orbit of o under the action of G 1s
denoted by A. Then we have the following relationship:

G : G, =14,
where A is the size of the orbit containing c.

Remark 1.5.46. The action of G on §2 gives a permutation representation m with

corresponding permutation character, denoted by x, or x(G|Q).
Lemma 1.5.47. [/]]
(i) The action of G on § is isomorphic to the action of G on G/G,, that is on the

set of all left cosets of G, in G. Hence x(G|2) = x(G|Ga).
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(ii) If x(G|Q) = (Ig,)", then the trivial character of G, induced to G.

(111) For all g € G, we have x(G|Q)(9) = x(G|Ga)(g), which is equals the number of
points in ) fized by g.

Lemma 1.5.48. [/1] Let H be a subgroup of G and let Q) be the set of all conjugates
of H in G. Then:

(1) Gu = Na(H) and x(G|Q) = x(G|Nea(H)).

(ii) For any g € G, the number of conjugates of H in G containing g is given by

k
() = 3 oy 1 Y

where x;’s and h;’s are representatives of conjugacy classes of No(H) and H that
fuse to [g] = C, in G.

Remark 1.5.49.

C(GIR) = |{H" (1)1 = 7Y
— | s 1 = )
= |{H" : 27 gz € Ng(H)}|
=|{H":g € xNg(H)z™'}|
=|{H": g € (Na(H))"}.

Corollary 1.5.50. [/1] If G is a finite simple group and M is a mazimal subgroup of
G, then number X\ of conjugates of M in G containing g is given by
k
1Ca(9)]
X(GIN(9) =) i~
; |Cu (i)
where x1, o, T3, - - T are representatives of conjugacy classes of M that fuse to [g] =

Cy inG.

1.6 Binary linear codes

In this section, we construct linear codes invariant under the simple group PSpy(q) for

some ¢ prime power.
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Definition 1.6.1. Let C' be a code of length n over field Fy, then C is a linear code
over Fy if for all ¢, ¢ € C and all for o € Fo,

1. c+d eC;

2. aceC.

Theorem 1.6.2. All linear codes must contain the all-zero codeword.

Proof. Suppose o = 0, so since a.c € C,
Hence 0 € C.
Therefore, if presented with a code for which 0 ¢ C, then C' cannot be linear. O

Definition 1.6.3. [/0] A linear code C of length n over Fy is a subspace of V = .
We write C = [n, k]a where dim(C') = k.
The repetition code C = {(xz,--- ,x)|x € Fo} is a linear code.

~———

n

Definition 1.6.4. A linearcode with length n over F, is a vector subspace of V = TFy.

Definition 1.6.5. A binarylinearcode C is a subspace of Fy. We call it [n, k]-code

where n s the length of a code and k is its dimension. Codewords are vectors of C'.

Theorem 1.6.6. [31] [Theorem 2.21] Let C be a binary linear [n,k]-code over Fy.
Then:

1. For every v € V, there exists a coset of C that contains v.

2. For every v € V, we have |C + v| = |C| = 2*.

3. For everyv,u € V, v e C+u implies that C +v = C + u.

4. For everyv,u € V, either C+v=C+wu or (C+v)N(C+u)=0.
5. There are 2"~ % different cosets for C.

6. For every v,u € V, it hold that v —u € C if and only if v and w are in the same

coset.
Theorem 1.6.7. If C' is an [n, k|-code over Fy. Then:

1. FEwvery vector of V' is in some coset of C.
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2. Every coset contains exactly 2F vectors.

3. Two cosets either disjoint or coincide (partial overlap is impossible).
Proof. See ([20], pp. 57). O

Definition 1.6.8. If F, is a field, C is a vector subspace of By known as linear code,

mn

q» then C is said to be G-invariant

and G s a subgroup of linear automorphisms of F

if g(C) =C forall g € G.

Theorem 1.6.9. Suppose G is a finite group and () is a finite G-set. Then the FoG-

submodules of F) are precisely the G-invariant codes such that G-invariant subspaces
of FQQ.

Proof. Suppose G is a finite permutation group acting on a set €. Let V' = FQ be the
[F vector space with basis the elements of Q. Let p: G — GL(V) be a representation
of G given by:

p(g)(x) = g(z) forall gin G and z in .

We can consider V' as the FoG-module obtained from p. Let S be an FyG-submodule
of the permutation module V. Then by Definition [1.6.8 we have:

(Zagg) -5 es, forall Zagg in FoG and S € S.

geG geqG

In particular, g - S in S for all g in G and S in S.

Thus, for all g in G and S in S, we obtain p(g)(S) in S or ¢g(s) in S and so S is
G-Invariant. Conversely. If S is G-invariant, then for all g in G and S in S, we have

p(g)(S) in S. Therefore for scalars o, in F. we have:

> agp(g)(S) in S

geG

by linearity. This implies that:

(Z agg> .S'in 8.

geG
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Example 1.6.10. Suppose x in V and X = {iy,i9,43, - ,ix} C {1,2,3,--- ,n} are
the non-zero coordinates of x. Then x = (1010001) = ey + e3 + e7 is represented as

X ={1,3,7}.

Definition 1.6.11. The Hamming distance d(u,v) between vectors u,v in C' is the

number of coordinates in which they differ.

Lemma 1.6.12. The Hamming distance between any vectors is a metric on F™, such
that:

1. d(v,w) =0 if v =w,
2. d(v,w) = d(w,v), for all v,w € F",
3. d(u,w) < d(u,v) + d(v,w), for all u,v,w in F".
Proof. See ([4], Proposition 2.1.1]). O

Definition 1.6.13. Let V. = F" for any vector v = (vy,vq,v3,...,0,), let S =
{ilv; # 0}. Then the set S is called the support of v and the weight of v, denoted
by wt(v) is |S|. The minimum weight of a code C, denoted by wt(C), is

wt(C) = min{wt(v)|v € C,v # 0},
such that the minimum of the weights of the non-zero codewords.
Lemma 1.6.14. We have d(u,v) = wt(u — v) for all u,v in Fy.

Proof. Let u,v € Fy. By definition, d(u,v) is the number of places where u and v
differ. Then the vector u — v will have 1 precisely in the places where u and v differ
and 0 in the places where they are the same. In other words, d(u,v) is equal to the
number of places where there is 1 in the vector u — v. But, the number of places with

1, by definition, is the weight of that vector. Hence, d(u,v) = wt(u — v). O

Theorem 1.6.15. In a linear code C' that is a vector space over Fy. If the dimension
dim(C) = k, then the number of codewords in C' is 2*.

Proof. Suppose dim(C') = k and let {xy, 29, 23,...,2;} be a basis for C. Then C' =
MT1 + Aoxo + Azxg + - + Ay, € Fo. Since |Fo| = 2, there are exactly 2 choices
for each A1, A2, A3, ..., A\x. Each choice gives a different word and so C' has exactly 2*

codewords. O
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Definition 1.6.16. For any code C, the minimum distance of the code, denoted d(C'),
is defined by,
d(C) = min{d(u,v)|u,v € C,u # v}.

An [n, k]-code of minimum distance d is called an [n,k,d] —code. The values [n,k,d]

are called the parameters of the code.

Remark 1.6.17. If the minimum distance of a code of length n is 0 or n, we consider

the code trivial. If the minimum distance is 1, we call it a repetition code[I1.0.3

Theorem 1.6.18. Let C' be an [n,k,d] linear code. Then the minimum distance d =
d(C) is the minimum weight of C'.

Proof. In a linear code C over a field IF, the distance d(v,w) between two codewords v

and w can be expressed in terms of the weight of their difference. We have:
d(v,w) = wt(v —w),

where wt(v) denotes the weight of the vector v, defined as the number of non-zero
entries in v. Since C' is a linear subspace, the difference v — w is also in C for any
v,w € C. Therefore, the minimum distance d(C') of the code C' can be determined by

finding the minimum weight of all non-zero codewords in C. O

Definition 1.6.19. Suppose C' is a linear code, and Ay is the number of codewords of

weight k. Then the weight numerator of C is the polynomial > Apax™ *y* where x is
k=0

the zero point and y is a non-zero coordinates of the code.

Clearly the coefficient of Ay is the number of vectors with weight k. Therefore, the
weight distribution classifies codewords according to the number of non-zero coordi-

nates. A list of non-zero A; is usually called the weight distribution of a code.

Definition 1.6.20. Suppose C is a code in V, then C* is the dual code or orthogonal
code of C, defined as:

CL:{yEFZu-y:O foralleC}.
Lemma 1.6.21. The Ct is a linear code.

Proof. See ([0]). O
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Remark 1.6.22. If C = [n,k,d] then C*+ = [n,n —k,d'] and d’' is not necessarily
related to d, which can be proven using Lemma [1.0.21 and the Rank-Nullity Theorem
from Linear Algebra [23]. The minimum distance d' of C*+ is called the dual distance

of C.

Definition 1.6.23. A code is called projective if any two of its coordinates are linearly
independent such that it has a dual distance d*+ > 3.

Definition 1.6.24. A binary code is even if the weight each of its codewords is divisible
by 2.

Definition 1.6.25. A binary code is doubly even if the weight of each of its codewords
are divisible by 4.

Remark 1.6.26. It can be seen that doubly even implies even.

Definition 1.6.27. A linear code is self-dual if C = C*+ and it is self-orthogonal if
C CccCt

Lemma 1.6.28. A binary self-orthogonal code C' is even.

Proof. Suppose, we have the w = (a1, a9, as,...,a,) where a; € {0,1}. If it is in the
self-orthogonal code, then w - w = 0 over the field of two elements. But w - w =
a? + a2+ a3 + - - - + a2 which equals the number of ones in w, that is the weight of w.

So w-w = 0 in Fy if and only if w has even weight. O]

Definition 1.6.29. Let F be a field and let C' be a linear code over F then hull of C' is
the intersection of C' and its dual code, denoted by Hull(C) = C NC*.

It is clear that Hull(C) is also a linear code. It is easy to see that a linear code C' is
self-orthogonal if and only if the dimension of Hull(C) is equal to the dimension of C'
such that Hull(C') = C, and it is self-dual if and only if Hull(C) = C*+.

Definition 1.6.30. A linear code C' is said to be linear complementary dual (LCD) if
Hull(C) = {0}.

Corollary 1.6.31. A code is even if and only if it is contained in the dual of the

repetition code.

Proof. See ([13]). O
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Definition 1.6.32. Let C be a binary (n, k)-code. An automorphism of C is an element

of Sy that sends codewords to codewords. The automorphism group of C' is,
Aut(C) ={m € S,lemr € C, for all c € C}.

An automorphism group of a code C' is the group of all permutations .S,, of the coor-
dinates that map codewords to codewords. The existence of an automorphism for C
can provide a richer structure for the code and allows us to make some deeper results
from algebra. This is particularly the case when C' has a regular automorphism group
G C Aut(C), this means that G is transitive on X and thus |G| = |X| = n the block
length of C.

Definition 1.6.33. Let C' be an |n, k,d]q code, we have two matrices that determine
the code.

1. A generator matriz of C, denoted by G, is a k x n matriz over F, whose rows

forms a basis of C.

2. A parity check matriz of C*, denoted by H, is a (n—k) x n matriz over F, whose

rows forms a basis of C*.

Theorem 1.6.34. Let ‘H be a parity check matriz of linear code C'. A linear code has
minimum weight d if and only if any d — 1 columns of H, are linearly independent and

there exists some d columns that are linearly dependent.

Proof. Let C' be a linear code. Then wt(C) = d(C') = d. So, there must exist some
codewords in C' with weight d. Suppose that the vector u is a codeword in C such
that wt(u) = d. Since, u € C implies that Hu’ = 0 and u has d non-zero components,
then there are some d columns of H that are linearly dependent. For the other side,
suppose that there are d — 1 linearly dependent columns in H. Then there must exist a
non-zero vector v € C' such that wt(v) = d — 1. This however contradicts the fact that

the minimum weight of C'is d. So, any d—1 columns of H are linearly independent. [J

Definition 1.6.35. Let ‘H be a parity matriz of C'. Then the permutation automor-
phism group of C' s the stabilizer of C' in the symmetric group S, with respect to the

action on the set of the columns of H. We denote the permutation automorphism group
of C' by PAut(C).
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Remark 1.6.36. The permutation automorphism group of a code must be distinguished
from the full automorphism group of a code, stabilizer of the action of Fy* xS, sending
every column of H to a scalar multiple of another column. Clearly Aut(C) = PAut(C)

in the binary case.

Definition 1.6.37. Two linear codes with the same length over a field F, are equivalent

and isomorphic if the following conditions are satisfied:

1. Two linear codes of the same length over the field I, are said to be equivalent if

one can be transformed into the other by a combination of:

(a) Permuting the coordinates of the code.

(b) Multiplying each coordinate by a non-zero scalar from the field IF,.

2. Two linear codes are said to be isomorphic if there exists a bijective linear trans-
formation between them that maps codewords of one code to codewords of the
other, specifically through a permutation of coordinates. Isomorphism focuses on
the structural similarity of the codes, without the additional flexibility of scalar

multiplication.

3. In the case of binary linear codes, where ¢ = 2, the notions of equivalence and
1somorphism coincide. This is because the only non-zero scalar in Fy is 1, so mul-
tiplying by a non-zero scalar does not introduce any new transformations beyond

those achieved by permuting coordinates.

Theorem 1.6.38. [20] (Singleton Bound) For any code C' with minimum distance d,
we have |C| < ¢"~%*1. For a linear code, [n,k,d]-code, this means that ¢~ < ¢"~ 9+t

This turn implies that, k <n—d+1 ord <n—k+ 1.

Proof. If we consider a code with size |C| and distance d, we know that every word
differs in at least d positions. If we were to truncate the codewords by ignoring the
last d — 1 positions, all the new codewords must be different. So, we still have |C/|
codewords remaining, but now we are in dimension n — (d — 1). We know that there
is a total of ¢""V*¢ codewords of this dimension, therefore we see that |C| < ¢"~4+!.
This proves the result along with the knowledge that when C'is linear, |C| is just the

size of the k-dimensional subspace over [y, which is q~. O
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Theorem 1.6.39. [20]/Theorem 2.16] (The sphere-packing or Hamming bound) A q—
ary (n,k,2t + 1)-code satisfies,

k(g) * (?)(q_1>+“'+ (?)(q—l)téq”

M<q" [Zt: (?) (¢— 1)1 1_

t=0

Proof. See ([20], pp 20). B
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Chapter 2
Designs and codes

In this chapter, we explore designs and their corresponding codes that are invariant
under finite simple groups, along with their fundamental properties. Additionally, we
explain two methods, referred to as the Key-Moori Methods, for constructing these

combinatorial structures. A reader is referred to [4] and [20], for notation.

2.1 Designs

Definition 2.1.1. [{] Let D = (P,B,Z) and F = (Q,C,J) be two incident structures.
Suppose ¢ is a bijection from P UB to QUC. Then if ¢(P) = Q with p € P incident
with B € B if and only if ¢(p) € Q is incident with ¢(B) € C, then ¢ is an isomorphism
from D to F. If D = F, then ¢ is an automorphism.

Definition 2.1.2. [/] An incidence structure D = (P,B,T) is a t—(v, k,\) design if

it satisfies the following conditions:
1. The number of points |P| = v.

2. Fach block B € B is incident with k points.

3. Any t distinct points are incident with exactly \ blocks.

Theorem 2.1.3. [/ A t-design D is a s-design with 1 < s <t by replacing t— (v, k, \)
by s — (v, k, \s) where:

L (v=s)v=s—-1)---(v—t+1)
)\S_)\(k—s)(k—s—l)~--(k—t+1)
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Definition 2.1.4. [J] A Steiner system is a t — (v, k, 1) design for some integers 1 <
k <w, for somet > 2.

Definition 2.1.5. [0 Two designs D = (P,B,Z) and D' = (P',B',I') are isomorphic
if there is a bijection ® from P to P’ so that (p, B) € Z, if and only if (®(p), ®(B)) € T'.
A bijection from a design D to itself is called an automorphism. The group of all

automorphism of D is denoted by Aut(D).

Remark 2.1.6. Two designs with the same parameters need not to be isomorphic.

Example 2.1.7. Fano plane as a 1 — (7,3,3) design or a 2 — (7,3,1) design.

B={{4,5"7}{1,6,7} {1,2,5},{2,3,7},{1,3,4},{2,4,6},{3,5,6}}.
1

2 —
/BN

5 4
A 1—(7,3,3) design not isomorphic to Fano plane.

B={{1,2,6},{1,2,4},{2,4,7},{4,5,7},{3,5,7},{3,5,6},{1,3,6}}.

Definition 2.1.8. [} Let D = (P,B.Z), with |P| = v and |B| = b, in which P =
{p1,p2, + ,pu} and B = {By, By, -+, By}. Then an incidence matriz of D is a b X v

matrizc A = a;; of 0’s and 1’s such that:
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s — { 1, Zf (p],BZ) € I,
Y 07 Zf (pj7Bi) ¢ 7.

Example 2.1.9. Incidence matriz of a 1 — (7,3,3) design.

{1,2,6} {1,2,4} {2,4,7} {4,5,7} {3,5,7} {3,5,6} {1,3,6}
1 1 1 0 0 0 0 1
2 1 1 1 0 0 0 0
3 0 0 0 0 1 1 1
4 0 1 1 1 0 0 0
5 0 0 0 1 1 1 0
6 1 0 0 0 0 1 1
7 0 0 1 1 1 0 0

Definition 2.1.10. [39 The dual structure of D = (P,B,Z) is D' = (P*, B!, I"), where
P=B B=P" and ' = {(B,p)|(p, B) € Z}.

Definition 2.1.11. [39 Any design D = (P,B,Z) is said to be symmetric if it has

same number of points and blocks. That is, |P| = |B|.

Definition 2.1.12. [0 The design D is self-dual if it is isomorphic to its dual. That
is D =D

Definition 2.1.13. [J] The complement structure of D = (P,B,ZI) is D = (P,B, 1),
where P =P, B=B and T = (P x B) - T.

Theorem 2.1.14. [} If D is at— (v, k, \) design with v—k > t, then the complement
of D is a t-(v,v — k, \) design, where:

wv—FKw—-k=1)-(v—k—-t+1)

A=A k(k—D(k—2) - (k—t+1)

Definition 2.1.15. [27] An automorphism of a design D = (P,B,T) is a permutation
® of the point set P such that:

1. If B € B then ®(B) is also in B.

2. For all points p € P and blocks B € B, if p is incident with B, that is (p, B) € Z,
then (®(p), ®(B)) € .

Lemma 2.1.16. [}7 If D is any t-design with t > 2. Then the group of automorphisms
of the design acts faithfully on B.
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Theorem 2.1.17. [3]] Let G be a t-transitive permutation group on a finite set €2,
with t > 2. If A is a subset of Q, with |A| =k, |2 =v and 1 < k <v—1. Then
the set B = {AYg € G} is the set of blocks of a t-design D, and G is a group of

automorphisms acting transitively on B.

2.2 Key-Moori methods

In this section, we discuss how to construct designs using primitive permutation rep-
resentation, conjugacy classes, maximal subgroups and fixed points of a group G. We
first discuss Key-Moori Method 1 and 2. We will refer to Key-Moori Method 1 and 2,
as Method 1 and Method 2.

2.2.1 Method 1

In Method 1, we use primitive permutation representation of PSp4(q) group to con-
struct symmetric 1-designs. Let G be a finite group with maximal subgroup M, we
define Ay = {|M N MI|: g e G}. Tt is clear that Ay # 0, since |M| € Ay These
notations are used throughout this chapter. Our method to construct designs is based

on the following results.

Lemma 2.2.1. [38] Let G be a finite simple group with a maximal subgroup M with
M is the set of all conjugates of M in G. Then G acts on M by conjugation. The
point stabilizer of G 1s M, which implies that the action of G on M 1is primitive.

Definition 2.2.2. [38] Let G acts primitively on M, with the action of G on M. Then
the number of orbits of this action is called the rank of G, denoted by rank(G).

Lemma 2.2.3. (Method 1) [39) Let G be a finite primitive permutation group acting
on the set Q of sizen. Let o € Q, and let A # {a} be an orbit of the stabilizer G,. If

B={A':geG)}

, then B forms a 1—(n, |Al,|A]) design with n points, with G acting as an automorphism
group on this structure, primitive on points and transitive on blocks (not mecessary

primitive) of the designs.
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Lemma 2.2.4. Let M be a mazimal subgroup of G. If the action of G on the set of
mazximal subgroups of G is doubly transitive, then the designs constructed by Method 1

are trivial.

Proof. Since G is doubly transitive the action of M on M\ {M} would be transitive.
Therefore, rank(G) = 2 and the possible sizes of A are 1 and n — 1. O

Theorem 2.2.5. Let G be a finite simple group acting primitively on a set Q and if
M = G,, then {|M : M N M9)g € G} is equal to orbit sizes of G, acting on a set Q.

Lemma 2.2.6. [39] Let G be a finite simple group acting on the set of the conjugates

of maximal subgroup M by conjugation. Then the size of orbits of point stabilizer of G

{%NEAM}
n

Every design constructed from Method 1 is given as 1 — (|G : M|
n < .AM

are as elements of the set,

1M [M|
' nmn? on

) for some
Theorem 2.2.7. [39) If the group G acts primitively on the points and the blocks of a
symmetric 1-design D, then the design can be obtained by orbiting a union of orbits of

a point-stabilizer.

2.2.2 Method 2

In Method 2, we discuss how to obtain the parameters of some possible designs from
the some conjugacy classes and maximal subgroups of projective symplectic group
PSpy(q). Let xar be the permutation character afforded by the actions of G on the set
of conjugates of M inside G. From [36], x s will vanish on the set of all elements of G
not conjugate with any element of M. We can see that our designs are not necessarily

symmetric 1-design for this method.

Definition 2.2.8. [/1] Let G be a finite simple group, M a mazimal subgroup of G,
nX a conjugacy class of elements of order n in G containing g. Then [g] = nX and

InX| =[G : Ca(9)] = |g|, which is the size of the orbit of g under conjugation by G.

Definition 2.2.9. [/1] Let xpr = x(G|M) be the permutation character afforded by the
action of G on the set M. Then the set of all conjugates of M in G, is such that if
g € G is not conjugate to any element in M, then xn(g) = 0.
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Theorem 2.2.10. (Method 2)[41] Let G be a finite simple group, M a mazimal sub-
group of G, and 2 a conjugacy class of elements of order n in G such that M Nz # ().
Let B = {(MNz®)’|y € G} and |P| = |2€|. Then we have a 1— (|2%|, |M N x|, xa(9))
design D, where g € 2°.

Note 2.2.11. The group G acts as an automorphism group on D, primitive on blocks

and transitive (not necessarily primitive) on points of D.
Lemma 2.2.12. Let D be 1 — (v, k, \) design constructed by Method 2, then:

1M (xarlo) x 121)

k
G

Proof. According to [30], kb = Av. Then we have:

k=|MnazC
_ urlg) x 1e€
(G:M]|
= () % <) +
~ (art) x s x L]
M) (xarlg) x 1a)

|G

D, the complement of D, is a 1 — (v, k:,X) design, where A=A X %

Remark 2.2.13. [3]] If A =1, then D is a1 — (|:L’G\,k:,1) design. Since, x% is the
disjoint union of b blocks each of size k, we have Aut(D) = S, 1S, = Sk:Sy. For all p,
we have C = C,(D) = [|z|, b, k]p, with Aut(C) = Aut(D).

Remark 2.2.14. The design D constructed by Method 2 is symmetric 1-design if and
only if b =1Cq(g)|.

2.2.3 Method 3

In Method 3, we obtain all possible parameters of designs from the fixed points of

each conjugacy class of a group G to construct a 1-design. From [49], we observe
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a relationship between Method 2 and Method 3. Therefore, we use this connection
between the two methods to find 1-designs under Method 3, which are not necessarily

symmetric.

Definition 2.2.15. Let G be finite group acting on a finite set  and nX is a conjugacy
class of elements of order n # 1 in G and with g € nX. Thus C, = [g] = nX = 2¢
and 2% = [29:Cq(g)]. Let xq be the permutation character afforded by the action of
G on Q. If M is a maximal subgroup of G, then €2 can be regarded as the set of all
conjugates of M € G and xo = xu = X(G|M).

Theorem 2.2.16. [/1] Let G be a finite group acting transitively on a finite set €2,
where v = Q| > 1. Let 2% and B = Fixzgg) be the set of fized points of the action of
G on Q. Let B={Bly € G}, P =Q and S = {h € 2% Fizqy) = B} with |S| = s,
then

(i) |B] = |29|/s and we have D = (P,B) as a 1 — (v, X, \) design, where X\ =
(xa) x [791)/(s x [x]),

(i1) the group G acts as an automorphism group on D, transitive on both points and
blocks. In particular, if M is a mazximal subgroup of G and ) is the set of all
conjugates of M € G, then G is primitive on points and transitive (not necessarily

primitive) on blocks of D.

Proposition 2.2.17. [/1] IfnX = 2% = [g], B = Fizg,) and S = {h € 2°:Fizqg =
B} with |S| = s. Then

(i) S = 2% N Gy, where Gy is the point-wise stabilizer of B € G;
(ii) b= [G:G] and |G| = |G| x 5/]2°];

(i) s = [S| = [Gp:Ca(g)]

For remark and remark the reader may refer to [41].

Remark 2.2.18. (i) G > Gg > Ng(< g >) > Calg). If G = Gp, then B = {B}
implies thatb =1 and k = |B| = v. That is g fizes all elements of Q and g = 1¢,
a contradiction, since in our construction we assume g s a non-identity element.
Also if y € Na(< g >), then BY = Fixgg) = Fizggm) 2 Firgy = B, for some
integer m, this implies that BY = B and y € Cpg.
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(i)
(iii)

s =1 if and only if Cp = Cq(g).

If Co(g) is mazimal in G, then Gg = Cg(g) and hence, s = 1. But the converse
is not true, that is there are cases where s = 1, that is, Gg = Cg(g) and Gp
is not mazimal in G. For example when G = Ag acts on 2-sets and nX = 2A,
for g € 2A of cycle-type 1°2%, we have Cq(g) = Gp = S5 x 22 but G is not a
maximal subgroup of Ag. In fact Gp sits inside the mazimal subgroup (As X Ay):2

with index 3 in Ag.

Remark 2.2.19. (i) From our construction

(i)

(iii)

(iv)

G < Aut(D) < Aut(C) < S

but in general G may not sit inside Aut(D).

If A =1, then Aut(D) is a 1 — (v,k,1) design. Since Q is the disjoint union of
b blocks each of size k and we have Aut(D) = Si1Sy, = (Si)’:Sy. In this case for
all p, we have C = Cy(D) = [v,b, kl,, with Aut(C) = Aut(D).

In the method 3, when ) is the set of all conjugates of a mazximal subgroup M of
G, we have X = 1 if and only if Gg = M and k = 1. In this case, we have D
as a 1 —(v,1,1) design with corresponding Aut(C') = Aut(D) = [v,v,1],, the full
space B, with Aut(C) = Aut(D) = S,, Vp.

The design D constructed by Method 3 are not symmetric in general. In fact, D

1s symmetric if and only if
b=|Bl=v=|P|< |[G:Gg|] =9

In particular, if Q) is the set of all conjugates of a mazximal subgroup M of G,
then it means D is symmetric if and only if [G : M| =[G : Gg] < |M| = |Gp|.

2.3 Constructions of combinatorial structures

In this section, we discuss the methods used in this thesis to construct designs and

codes. For these methods we use MAGMA [7] to develop algorithms used in our

constructions.
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Given a representation of group elements of a group G by permutations one can work
modulo ¢ and obtain a representation of G on a vector space V' over F,. The invariant

subspaces are then all the binary codes C for which G is a subgroup of Aut(C).

2.3.1 Codes from maximal submodules

In this subsection, we provide a comprehensive overview of the focus and methods of

the chapter regarding G-invariant designs and codes, as follows:

1. Focus on G-Invariant Designs and Codes: We are investigating codes that remain
invariant under the action of a group G, particularly using primitive representa-

tions and permutation modules.

2. Permutation Modules and Submodules: By considering the permutation modules
from the groups action on cosets of its maximal subgroups, you can identify cor-
responding F(2-submodules. This approach leads to the construction of explicit

bases for the invariant codes.
3. Connection to Linear Codes:
The G-invariant submodules are viewed as linear codes, allowing us to analyze

their properties, including weight distributions.

4. Use of MAGMA: We utilize MAGMA for computational purposes to construct the
associated permutation module over Iy, facilitating the exploration of maximal
submodules and their properties.

5. Action of a Group on Cosets:

The discussion about the action of G on cosets, particularly the structure of
G/H, is crucial for establishing the transitive and primitive action necessary for
our results.

6. Focusing on Binary and Ternary Codes:

We restriction to the fields F; and [F3 is relevant and aligns well with the typical

applications in coding theory.
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2.3.2 Construction of (G-invariant codes

In this subsection, the construction presented is based on Theorem Theorem

and Theorem [2.3.2

Theorem 2.3.1. Assume (G, X) is a primitive permutation group and F a field such
that Ext(G/G',F*) = 0. Let E be a stem cover of G and Ey the inverse in E of the
stabilizer of G induced up to E all 1 —dimensional FEy—module. Then the submodules
of the resulting FE—modules provide for a complete list of codes over F admitting

(G, X) as a permutation group.
Proof. See ([13], Theorem 1). O

Theorem 2.3.2. Let G be a finite simple group with a maximal subgroup M. Let
P be the permutation F,-module corresponding to the primitive action of G on M,
where F,, is a finite field. Also assume that the Schur multiplier of G is trivial and
(|IM/M'|,|F:]) = 1, for M" a derived group of M. Then the set of linear codes of length
m over GV (q) equals the set of all submodules of P.

Proposition 2.3.3. Let X be G-set and P be a primitive permutation module over a
finite field F with respect to the action of G on X. Then P contains submodules S
and Sy of degree 1 and | X| — 1, respectively.

Proof. See ([13]). O

Definition 2.3.4. Given a permutation module acting on a set€), and p: G — GF(V)
where p(g)v = g.v for g in G and v in' V. We can find all codes with a group G acting

as an automorphism group as follows:
1. Let FQ be a permutation module.
2. Use MAGMA to find all FQ-submodules.
3. By Theorem[1.6.9 and Theorem [2.3.9 these submodules are G-invariant codes.

As a result, we can locate every submodule of the permutation module thanks to the
construction. To achieve this, we break down the permutation module into smaller
components, which serve as the building blocks for assembling a lattice of submodules.

After describing these codes, we address the issue of the code’s classification. Theorem
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of Maschke (see Theorem provides a framework for the decomposition over a
field whose characteristic is 0 or is relatively prime to the order of the group. In this
case, the permutation module is fully reducible and can be expressed as a direct sum
of irreducible modules.

In situations where a prime p divides the order of the group (p | |G]), we rely on the
Krull-Schmidt theorem (see Theorem [1.5.29)), which states that any module can be

expressed as a direct sum of indecomposable modules.

Lemma 2.3.5. Let C be a code of length n over a finite field F,, and C* the dual
of code C'. The all one codeword 1 lies in C' if and only if q divides the sum of all
coordinates of each w € C*. In particular if ¢ = 2, then 1 € C if and only if the length

1S even.

Proof. If 1 in C, then for all w in C* we have (w, 1) = 0. Since (w, 1) is the sum of all
coordinates of w, we get ¢|(w, 1). This completes the proof. O
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Chapter 3
Structure of symplectic groups

In this chapter, we study structures such as conjugacy classes, maximal subgroups, and
the character table of the projective symplectic groups. We follow the notation from
ATLAS [11] and Wilson [55].

3.1 Polarity forms

There are a number of useful inner products on real and complex vector spaces. These

inner products give rise to various bilinear, sesquilinear and quadratic forms.

Definition 3.1.1. An element T in GL,(q) is called a transvection if T satisfies,
rank(T,, — I,) = 1 and (T,, — I,,)* = 0.

Definition 3.1.2. The collineation of projective space induced by a transvection is
called an elation. In particular, the azes of the transvection is the hyperplane ker(T —
I,,), this subspace is fized element-wise by T. Dually, the center of T is the image of
(T - In)-

Definition 3.1.3. [55] There are three types of polarity forms namely:
(i) skew-symmetric bilinear;
(ii) conjugate-symmetric sesquilinear;

(111) symmetric bilinear.
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Remark 3.1.4. These polarity forms have similar behaviour with vector space over a

finite field, the only difference is the forms classification.

In characteristic “0”, the three types of polarity forms are generalised as an inner

products.

Definition 3.1.5. [35] There are two corresponding generalised norms derived from

three types of polarity forms:
1. Hermitian forms (derived from[3.1.3] (i1)).

2. Quadratic forms (derived from|3.1.3| (iii)).

Definition 3.1.6. [57] A bilinear form on a vector space V' over a field F, of dimension

nis a map f 'V xV — F, such that satisfies some azxioms, for all v,u,w € V and
Ael,:

(i) fOv+u,w)=Af(v,w)+ f(u,w);
(11) f(v,\u+w) = f(v,w)+ Af(v,u).

Definition 3.1.7. [55] A bilinear form f on a vector space V' over a field F, is said
to be:

(i) Symmetric if f(v,u) = f(u,v) for allv,u € V.
(i1) Skew-symmetric or anti-symmetric if f(v,u) = —f(u,v) for allv,u € V.
(i11) Alternating if f(v,v) =0 for allv e V.

Proposition 3.1.8. [35] If characteristic of F, # 2, then an alternating bilinear form

18 a skew-symmetric form.

Definition 3.1.9. [53] A quadratic form is a map Q : V. — F, satisfying, for all
v,ueV and A € Iy :

Qv +u) = X*Q(v) + Af(v,u) + Q(u),
where f is a symmetric bilinear form.

Definition 3.1.10. [35] A conjugate-symmetric sesquilinear over a vector space V,

defined over Fp2 is a map f:V XV — Fgp satisfying, for all v,u,w € V and X € Fy:
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(i) fOv+u,w)=Af(v,w)+ f(u,w);

(ii) f(v,w) = f(w,v).
Remark 3.1.11. We have f(v, \u +w) = Af(v,u) + f(v,w).
Definition 3.1.12. [55] The form H defined by H(v) = f(v,v) is called Hermitian
form, satisfying:

H(w+u) = AH(v) + Af(v,u) + Mf(u,v) + H(u).

Definition 3.1.13. [54] A non-zero vector v in 'V is called isotropic if it satisfies
f(v,v) =0, indicating that it is perpendicular to itself.

Lemma 3.1.14. [33] If f : V x V = F, is a bilinear form and with W C V', then the
restriction of f to W is defined as flw : W x W — F,. The radical of this restricted
bilinear form is given by W N W+, where W+ is the orthogonal complement of W in
V.

Remark 3.1.15. If flw = 0, then W is said to be totally isotropic.

3.2 Projective symplectic groups

In this section, we discuss the projective symplectic groups, which are the groups that
preserve reflexive sesquilinear forms or quadratic forms. They are associated with

non-degeneration alternating bilinear forms.

3.2.1 The Pfaffin

The determinant of a skew-symmetric matrix is a square. This is visible in some small

cases, observe:

0 Q12 aiz  Qig
—ai2 0 a23 Q24

det(B) = = (a12a34 — 13024 + a14a23)°.
—@13 —as23 0 Q34
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Theorem 3.2.1. [2]] Let A be a skew-symmetric matriz. Then:
(1) the determinate of a skew-symmetric matriz of odd size is zero;

(2) there is a unique polynomial Pf(A) in the indeterminate a;; for some 1 <i,j <

2m, having the properties:

(2.1) if A is a skew-symmetric 2m x 2m matriz with (1,7) entry a;; for 1 <i <
J < 2m;

(2.2) Pf(A) contains the term aj 2034 - - G2m—12m02m+1,2m+2-

Theorem 3.2.2. [2]] If A is a skew-symmetric matriz and B any invertible matric,
then:
Pf(BAB") = det(B)Pf(A).

Lemma 3.2.3. [2]] For m > 1, the group PSps,,(IF) acts primitively on the points of
PGs,, 1 (F).

Remark 3.2.4. The number of points in the projective space PGopm_1(q) is given by

q2m_1
g—1 -

3.3 Properties of projective symplectic groups

A split extension (a semidirect product) A : B is a group G with normal subgroup A
and a subgroup B such that G = AB and AN B = 1. A non-split extension A - B is
a group G with a normal subgroup A and G = B, but with no subgroup B satisfying
G = AB and ANB = 1. A group G = Ao B is a central product of its subgroups A and
B. If G = AB and [A, B], then the commutator of A = B = {1} in this case A and B
are normal subgroups of G and ANB = Z(G). If ANB = {1}, then G = Ao B = AB,
see ([55]).

The symplectic group Spo,(q) is the isometry group of a non-singular alternating
bilinear form f on V = Fgm, that is, the subgroup of General linear group GLa,,(q).
Consisting of those elements g € G such that f(u?,v9) = f(u,v) for all u,v in V' [55].
The order of Sps,,(q) is given by:

m m

[Spam(a)] = [[(¢* = )" " = ¢ [ (¢ = D).

i=1 i=1
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Observe that f(au,av) = o?f(u,v), which equals f(u,v) if and only if a = +1.
The determinate of elements in the symplectic group Spa,(g) is 1. The projective
symplectic group PSpa,(q) is the quotient group of Spo,,(q) by its center. It is the

inner automorphism group given by the order:
[T - e [[(e® -1

PS . — =1 — =1
BSpan(@)| = = i =) ged(2,q — 1)

Rank-3 symplectic groups

Consider group G acting on the set Q where |G| = || = n.

Definition 3.3.1. A block design (n,k,\) is an incidence structure consisting of a set
together with a family of subsets known as blocks, chosen such that frequency of the

elements satisfies certain conditions making the collection of blocks exhibit symmetry.

Lemma 3.3.2. [19 A block design B is a symmetric balanced incomplete block design

(BIBD) if it satisfies the following conditions related to its parameters:
1. n: the number of points,
2. k: the number of points in each block,
3. A: the number of blocks in which each pair of points appears.

For a symmetric BIBD, the number of blocks b is given by

h— n(n —1)
o k(k—1)
and each point appears in r blocks, where
A(n—1)
r = ﬁ

Additionally, in a symmetric BIBD, n = b and each block contains the same number of

points k. This means that the incidence structure exhibits a high degree of symmetry.

Remark 3.3.3. If B is symmetric with the parameters (n,k + 1,u). That is, B has
n points and n blocks, k + 1 points (or blocks) are incident with each block (or point),
and any two distinct points (or blocks) are incident with exactly p blocks (or points).

The condition n # k + 2 is equivalent to the condition 0 < p <k+1<n— 1.
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Note 3.3.4. The projective symplectic groups associated with symmetric design B are
PSpom(q), where m is an integer and q is an odd prime power. Moreover, for m = 2,

this corresponds to PSp4(q).
Lemma 3.3.5. [19
1. If B is symmetric, then G is primitive and has even order.
2. If k+1— pu=¢e? then e* is a square
3. If n is even, e but not 2e divides n — (k+ 1).
4. If n is odd, 2e divides n — (k+1).
Lemma 3.3.6. [19 If B is a projective space of dimension 3, then the conditions are:
1. p=X\+2,
2.n#k+2
3. A hyperbolic line contains ju points, where the coordinating field is ¥y, q = p—1.

Corollary 3.3.7. The projective symplectic group PSps(q) has three orbits on the

ordered pairs of points including diagonal orbit, which is give by
V ={(t,t):t € PG(3,¢)}.

Note 3.3.8. The group projective symplectic group PSps(q) is a rank-3 permutation
group on the projective plane PG(3, q).

3.4 Conjugacy classes and character table

In this section, we are following the notations in [50] and [51]. Firstly, we give conjugacy
classes of Sps(q), and use them to obtain conjugacy classes of PSp,(q) which are split
into two parts; ¢ = 4k + 1 and ¢ = 4k + 3 for some integer k. Thereafter, character
table for PSp4(q) is then constructed.

If ¢ = p" is odd (odd prime power) and PSps(q) X Csp,(q)(PSpa(q)) < Spa(q). Then
Spa(q) induces on PSp4(q) some outer automorphism «. With |Out(PSps(q))| =

2n, every element of Out(PSp4(q)) can be written as the composition of a diagonal
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matrix and field automorphism. If the automorphisms are represented by matrices each
with a basis, then the diagonal matrices automorphisms are induced by conjugation
of diagonal matrices. If ¢ = p", GF(F,/F,) =< ¢ >, where ¢ : F, — F, is given by
¢(x) = 2P for all z € F,. The field automorphisms are induced by ¢ € GF(F,/F,) for
1 <k <n—1by mapping A = (a;) to A” = (a;;)*" = (af;). Since F;, =< k >
and &€ = k€71 0 = kT p = k2 and v = k9. Then by [51], |y| = ¢ — 1 and
In| = g+ 1. The symplectic group Sp4(q) is the set of all 4 x 4 matrices X which
satisfies X JXT = J, where:

0O 1 0 0
-1 0 0 O
J =
0O 0 1
0 -1 0

The center of the symplectic group is Z(Sps(q)) = {I,—1}, where I is the identity
matrix. Additionally, the quotient group Sps(q)/Z(Sp4(q)) is the projective symplectic
group PSp4(q).

3.4.1 Conjugacy classes of Sp,(q)

Let k be a generator of the multiplicative group of GF(q*) and let & = k10 =
kO n = k%1 and v = k%", Choose, a fixed monomorphism from the multiplicative
group of the GF(¢*) into the multiplicative group of the complex numbers. Let 0, il
and 4 be the image of £, 6, n and v under this monomorphism.

Let Ry = % be the set with distinct positive integers 4, such that all of the scalars
€, €70 €9 and €7 are distinct. Let Ry = @ be the set of distinct positive integers i,
such that all of the scalars ¢°, 7%, 9" and =% are distinct. Assume Ty = {1,2, -, 2},
Ty = (1,2, 52}, 0y = 94779, fy = 4779, & = —s(s-+y/57) and & = —s(s—/57)
where s = (—1)%1.

The following conjugacy class table for Sps(q), first constructed by Srinivasa, will be

used to construct the conjugacy class table for PSp4(q).
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Table 3.1: Conjugacy classes of Sp4(q)

Conjugacy class No. Order G : Ca(9)]
Class representative of classes of centralizer = |nX|
[1 0 0 0] -1 0 0 0
0100 0 -1 0 0
A= , Al = 1,1 -1 (-1 1
loo1o”"" Jo 0 -1 0 ( ) )
0 0 0 1] 0 0 0 -1
[1 1 0 0] (-1 -1 ]
0100 0 -1
A VA = 1,1 U2 — 1 11
21 0010 21 0 0 -1 Q(q ) q
0 0 0 1] 0 0 0 —1]
[1 v 0 0] -1 —y 1
0100 0 -1
A L AL, = 1,1 3g—1 A1) (¢g+1
2= 001 ol 42 0 o0 1 P*lg—1) q(¢* = 1)(g+1)
0 0 0 1] 0 0 0 —1]
(1 10 0] (-1 =1 0 0]
010 0 0 -1 0 0 .
A VAL = 1,1 3(g+1 A1) (g—1
110 0 1 1] M 0 0 -1 1 : *g+1) q(¢* = 1)(g—1)
000 1| 0 0 0 -1
(1 10 0] -1 -1 0 0]
010 0 -1 0 0
A. AL, = 1,1 2 2(gt — 1)(g2 =1
32 001 — 32 0 0 -1 ~ q 7*(q )(q )
000 1] 0 0 0 -1
(1 1 0 0] (-1 -1 0]
0 101 0 -1 —1
A J AL, = 1,1 2 2(g' — 1)(g2 — 1
41 1010 41 1 0 -1 0 q (I(q )(q )
[0 0 0 1] 0 0 0 —1]
(1 ~ 0 0] -1 =y 0 0]
0 101 0 -1 -1
Ay = VAL, = 1,1 2 2t — D)2 =1
w=| 0 ol AR 10 -1 4 q " =1)(¢* - 1)
0 0 0 1] 0 0 0 —1]
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Table [3.1] continued:
Conjugacy class No. Order [G: Ca(g)]
Class representative of classes of centralizer = |nX]|
‘¢ 0 0 0]
il = g Co C[?n 8 = ¢ +1 g'(q® - 1)?
0 0 0 ¢
1€ Ry
[0 0 0 0]
Bale) = g 90 901 g g ¢ -1 ¢'(¢' = 1)
0 0 0 6
1 € Ry
Y0 0 0]
Bg(z}j) _ 0 0 0 (q—3)8(<1—5) (q _ 1)2 q4(q2 + 1)(q + 1)2
0 ~0
0 0 ~7)
ih,jET, i#]
[0 0 0]
Bu(i,j) = 0 7 O‘ 0 (q—l)g(q—?») (q+ 1)2 q4(q2 +1)(g— 1)2
0 w0
0 0 7]
i,j €T, i#]
i 0 0 1
Bs(i,j) = 8 770 jﬂ (q—1)4(q—3) ?-1 q4(q4 -1
0 0 0 4]
1€y, JeT)
(0 0 0]
B=|0 " 00 D gl D)@ - 1) | D)
0 70
L0 0 7]
i €Ty
(0 1 0]
By— |0 " 0 ! (g-1) q+1 ¢*(¢" —1)(g —1)
0 00
L0 0 7]
1 €Ty
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Table [3.1] continued

Conjugacy class No. Order [G: Cgslg)]
Class representative of classes | of centralizer = |nX]|
(v 0 0 0]
X R )| g+ 1)lg— 1 | =g+ 1)
0 0 4 0
[0 0 0 47
1 €T,
v 0 1 0
B = |07 f : 3 -1 |-+
[0 0 0 47
i€ Ty
[ 0 0 0] 7 0 0 0
aw=| "0 Law=|0 T e 0@ - | @+ D)
[0 0 0 1] 0 -1
i€Ty
(7 0 0 0] 0o 0 0]
e P e e o B = S RS VR P OB
0 0 0 1] 0 0 0 —1]
i €T
(i 0 0 0] i 0 0 0]
Cali) = | " ?Sﬁc;m: N f’ﬁ/ G0 glg =)@~ 1) | @+ Dla+1)
[0 0 0 1] 0 0 0 —1]
e Ty
(v 0 0 0] Y0 0 0
e D B DA I B VR I P U ORRY
| 0 0 1] 0 0 0 -1
ieT)
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Table [3.1] continued:

Conjugacy class No. Order [G: Cs(g)]
Class representative of classes | of centralizer = |nX|
[~ 0 0 o] (v 0 0 0]
) 0 v 00 ) 0 0 _ .
Ca)=| @=L ] aa—1 | ¢*¢' = Dig+1)
0 0 1) 0 0 0 —1]
1e€1)
v 0 0 0] (v 0 0 o0
. 0 v 00 . 0 % 0 0 . .
Cuo(i) = 0 | - , Clpli) = 0 0 —1 —v = alg—1) | @' = Dlg+1)
0 0 1] 0 0 0 -1
1€y
10
01 0
D=1 1 *(¢* — 1) *(¢* +1)
00 0 -1
1 0 0] 10 0 o]
01 0 01 0 O
Dy = , Doy = 1,1 22— 1 2t —1
2100 21 21'P2 g 0 21— *(¢* = 1) ¢(¢* = 1)
0 0 —1] 00 0 -1
[1 1 1 (1 v 0 o
01 01 0 O 20,4 2
Dy3 = , Doy = 1,1 2¢ 2@ =De*=1)
oo -1 ““lo o -1 1 2
00 —1] 00 0 -1
11 0] 11 0 o
D31 _ 0 1 0 : D32 _ 0 1 0 0 171 4q2 q2<q4_1)(q2_1)
00 —1 —1 00 —1 —v 4
00 —1] 00 0 —1]
1 ~ 1 (1~ 0 0]
D33 _ 0 ]. H D34 _ 0 ]. 0 0 1 1 4q2 (12(q471)(q271)
0 -1 -1’ 00 —1 —y ’ !
0 0 -1 00 0 -1

3.5 Conjugacy classes of PSp,(q)

In this section, we determine the conjugacy classes of PSp,(q) from the conjugacy
classes and character table of Sps(q) [50, BI]. We choose a representative X of a

conjugacy class A and then multiply it by —/. Hence, we search if —I lies in which
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conjugacy classes of Spy(q). If both X and —X lies in A, then the canonical image
of A in PSp4(q) will form an independent conjugacy class, where its size is half of
the size of the conjugacy class A. If X and —X lie in the distinct classes A and A’,
then any element of A’ will be the additive inverse of some element in A, and so the
canonical image of A and A’ coincide in PSp4(q). Therefore, they form only one class,
A in PSp4(q), where its size is the same as A. But this method does not work for
any class of Sps(q). Some classes it need lots of work to check that —X lies in which
classes of Sp4(q). Therefore, the use of character table of the group Sp,(q) is necessary.
Consider the irreducible characters of Spy(q), which their values in I and —I are equal.
Then these irreducible characters will also be the irreducible characters in PSpy(q) [51].
Therefore, if the values of these irreducible characters are the same in some conjugacy
classes of Sp,(q), then the canonical image of these classes form an independent class
in PSp4(q). The size of this new conjugacy class is half of the sum of the sizes of these
merged classes. This method can not work for any classes in Spy(q). For instead, the
existence of a large numbers of the irreducible characters of Sps(q) and the n'* roots

of unity in their values is an obstacle, so more work in some classes is needed.

Note 3.5.1. We use a single notation to refer to both a conjugacy class and its repre-

sentative.
By [0, 5], we have type A, B, C, and D families of conjugacy classes of PSp4(q).

(1) The classes A and A’ :
Any conjugacy class A’ is the additive inverse of A with the same index. Hence,
from the two classes A and A’ with the same index, we obtain a class A with the

same index in PSp4(q), where its size is equal to the size of class A.

(2) Families of the classes B :
From the table of the conjugacy classes in [50, [51], the conjugacy classes of type
B have been classified with respect to their indices. Each type B considered

separately:

(2.1) Families of the classes By :
B (i) = Diag(€',£7,€9,67%), i€ Ry and €71 = 1.
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Note that the conjugacy classes B (i) cannot be distinct with this definition
of Ry. However, [50], has provided a definition of R, allowing the classes
By (i) with ¢ € R; to be distinguished by the corresponding irreducible
characters x1(¢7) with ¢ € R;. Each conjugacy class Bi(i) with ¢ € Ry is

determined with the set:

{+i,+qi} mod (¢* +1). (3.1)
Since fi(qgl) = —1, if we multiplying B (i) by —I, transforms modulo (¢ +
1), the set (3.1]) into:
241 241
(i T L T (3.2)

2

Since ‘JQTH is odd, if 7 is odd (even), then % — i is even (odd). It follows
that the elements of the classes Bj(i) with ¢ € Ry, where i is odd, are
additive inverses of the elements of the classes B;(i) with i € R; and i is
even. Hence, their canonical images has size @ for i € R; and ¢ even,

where their sizes are the same as Bi(i).

(2.2) Families of the classes By :

Bs(i) = Diag(6',6",6% 6=%), i€ Ryand §* ' =1.

Each conjugacy class By(i) with i € Ry is determined BY the set:

{+i, +qi} mod (¢* —1). (3.3)
Since 63" = —1, if multiplying Bs(7) by —I transforms modulo (¢* — 1),
the set (3.3)) into:
21 21
(+it? > ,tqi+ 2 — (3.4)

There are two cases to consider:
(2.2.1) Case 1: If i € R, satisfying equation [3.5]:

¢ -1
2

i— =4qi mod (¢* —1). (3.5)

Then the conjugacy class Bs(i) contains the additive inverse of each of

its elements. Hence, the size of its canonical image Bs(4) is half of the
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size of Bs(i). The congruent equation 1’ has % distinct solutions

in R,. Denote this set of solutions by Ry. In PSps(q), we have 4+

. - /- . . / . . q*(g*—-1)
conjugacy classes By(i) with ¢ € Rj such that their sizes are =5—=.

(2.2.2) Case 2 : If i € Ry does not satisfying equation , then —By(i7)
is another class from the remaining classes in this family. In other
word, there exists a j € Ry — Ry with j # 4, such that —By(i) =
Bs(j). Thus, these two classes are merge in PSp4(q) under the canonical
homomorphism. Therefore, we have @—1)53& classes By (i) with i € Rl
of size q*(¢* — 1), where R” is the set of ((1—1)8#

i € Ry — R), such that all of the scalars 6°, 0,07, and 6~ are distinct.

positive integers

(2.3) Families of the classes B :
B3(Zaj) = Diag(,yi7,y—i’,.)/qi’,.y—qi)’ Za] € Tl with 7 < j and ,.Yq—l =1

Each conjugacy class Bs(i, j) is determined by the set:

{zi,+j5} mod (¢ —1). (3.6)

If we multiply Bs(7,j) by —I, then the set (3.6 transforms into:

1 1
(4 + qT,:tj + qT . (3.7)

Since 7(12;1 = —1. Now if the modulo (¢ — 1), the set 1) is given by:

1 1
{iz’iqT,ijiqT}. (3.8)

Therefore, the classes Bs(i, j) and —Bs(i, j) are equal if and only if —i + £+ = j
or equivalently if % =1+ 7.

Note that the classes Bs(i,j) and Bs(j,4) are equal. Observe that EB;(i,j) =
Bs(j,1), where:

0010

0 0 01
B =

1 00 0

01 00
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Therefore, there is two cases to consider:

(2.3.1) Case 1:q=4k+ 1.

The classes Bs(i,7) and —Bjs(i,7) are equal if and only if ¢ = 1,2, -+ ,%
and j = %+ —i. Each of the 4> classes Bs(i,j) with i = 1,2,---, %>
and j = % — 1, constrains the addltlve inverse of each element within itself.

Hence, the canonical image of these classes in PSpy(q) forms an independent
class Bs(i, j), with its size equals to half of Bs(i, 7). For the remaining classes
of the families Bj, we observe that for any class Bs(i,7) with i + j < %,

multiplying by —I yields the class Bs(i,j') where i’ = % —jand j/ =
q—1

5= — 4. Therefore, the canonical images of these two classes coincide in

PSpy(q) and form a class with the same size as Bs(4, j). Consequently, from

(g—1)2

G distinct classes:

the remaining classes, we obtain

Bii,j), 1<i<i™

-3
and i<j<dI°° 4
4
in PSp4(q) with the same size as Bs(i, j).

(2.3.2) Case 2: q=4k+ 3.
The classes Bs(i, j) and —Bs(i, j) are equal if and only if i = 1,2,--- |k and

7= E — 4. Using a similar argument as in case 1, in PSps(q). We obtain

k = qT classes Bs(i,j) whose sizes equal half the size of Bs(i,j), where
=12, 22 and j = L1 —i. Add1t10nally, we have % classes
( j) with sizes to B (i, ), such that 1 <i < £L and i < j < 42 — 4.

(2.4) Families of the classes By :
Bu(i,j) = Diag(n',n~",/,n77), 4,7 in Ty with i < j and n?*' = 1.

As referenced , if g =4k + 1 (or ¢ = 4k + 3), where k = % the classes
By(i,j) i=1,2,3,--- ,k and j= q+ — 1 contains the additive inverse of their
elements. The canonical images of these classes are distinct, and their sizes are
divided by 2. From the remaining classes of this family, we obtain the classes in
PSpa(q).

If ¢ = 4k + 1, then we have % classes,

Bali,j), 1<i< 1™

1
andz'<j§qT—i.
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(2.5)

(2.6)

If ¢ = 4k + 3, then we have % classes,

—1
and i < j < a—-_;
2
Remark 3.5.2. In both cases for q, the size of By(i,j) is the same as that of
B4(Z7]>
Families of the classes Bj :
Bs(i, j) = Diag(n',n "', n™7), i€ Tyand j € Ty with 7™ =1=~"1
By multiplying Bs(i,7) by —I, we obtain two distinct classes:

Bs(%5r — i, 55 — j).

Note 3.5.3. If equality occurs, then i = ‘%1 and j = q;33’ for such i and j, there

s no integral solution for q.

Consequently, this family of classes contains Bs(i, j) and —Bs(1, j) for each ¢ € Ty
and j € T;. Hence, the canonical images of these classes coincide in PSpy(q).
Thus, in PSp4(q), there are a total of % distinct classes Bs(i, j) with size
q*(¢* —1). fg=4k+1,then 1 <i < £t and 1 < j < L2, If ¢ = 4k + 3, then
1<i<%landl<j<es

Families of the classes By :
Bg(i) = Diag(n',n™",n',n™"), i € Ty with n*' = 1.

Each class Bg(i) is determined by the set:

{£i} mod (¢ +1). (3.9)

Each class —Bg(i) is determined by the set:

{iq%l + i} mod (g + 1). (3.10)

Observe that modulo (¢ + 1), the two sets, (3.9) and (3.10)), are distinct unless
i:%andq:4k+1.

Therefore, there are two cases:
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(2.6.1)

(2.6.2)

Case 1 : If ¢ = 4k + 1, then under the canonical homomorphism, the classes

Bg (i), for i € Ty. This will yield ‘%1 classes Bg(i), where i = 1,2, - - - ,qZ—l,

with sizes ¢*(q — 1)(¢* + 1) in PSp4(q).

Case 2 : If ¢ = 4k + 3, then the canonical image B(Z!) of the class Bg(2t)

a3 (g—1)(¢*+1)
2

has the size under the canonical homomorphism. From q;;’ the

remaining classes, half of them merge with another half, resulting in 92

1
classes Bg(i), where i = 1,2,---,%2 with the sizes ¢°(¢ — 1)(¢®> + 1) in

1
PSpa(q).

(2.7) Families of the classes Bs :

Bs(i) = Diag(y', v, 7', 7", i € Ty with 497" = 1.

This follows a similar argument as for Bg(i).

There are two cases:

(2.7.1)

(2.7.2)

Case 1 : If ¢ = 4k + 1, then the classes Bs(%") gives rise to a class Bs(%")
with size ¢*(¢+1)(¢*+1) in PSp4(g). From the remaining classes, we obtain
classes Bs(i), where i = 1,2, -+ , 22, each also having size ¢*(¢+1)(¢* + 1)
in PSpa(q).

Case 2 : If ¢ = 4k + 3, then from the family of classes Bg(i), we obtain

% classes Bs(i), where i = 1,2, , % each with size ¢*(¢ +1)(¢®> +1) in
PSpa(q).

(2.8) Families of the classes By :

To determine the canonical image of Br(i) with ¢ € T, in PSpy(q), we consider

the values of the irreducible characters of Sps(q) in Br(i) that have equal values

at £1 [50]. These values also correspond to irreducible characters of PSp,(q).

There are two cases to consider:

(2.8.1)

Case 1 : If ¢ = 4k + 1, then the irreducible characters that have equal

values at &/ also have equal in B;(i) and B;(Z- —i). The values of these
irreducible characters in this family are determined by By = ()% + () ~%.
Since 77% = —1, we have 5%1—1‘ = (=1)*B. In irreducible characters, the

factor (—1)* vanishes. For an example, the value of the irreducible characters
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&, (k) (where k is odd) in Bz(i) is equal to (—1)'By, while in Br(Z —4) it

is equal to

g+1 g+1

(=1 71’5(‘12&7% = (=1)= (=1)*=1)'Bix = (=1)' Bur-

Since k and q+1 are both odd, the canonical images of these classes coincide
in PSps(q). Thus, in PSps(q), we have 1 classes By (i) with size ¢*(q —

1
: -1
1)(¢* — 1), where i = 1,2,--- , 4=

(2.8.2) Case 2 : If ¢ = 4k + 3, then all of the classes Br(i) are distinguished by

some of the mentioned irreducible characters. For example, as noted in

, the values &, (k) in B;(i) and B7(ﬂ1 —1) are (—1)"Bi and —(—1)"Bu,

respectively. Therefore, there are T classes Br(i) with size w in

(2.9) Families of the classes By :
By a similar argument as for Br(i), consider the character table of Spy(q). For
i € Ty, the classes By(i) and By(%;* —i) have the same values in all corresponding
irreducible characters of Sp4(q), thus, their canonical images coincide in PSp4(q).

There are two cases to consider:

(2.9.1) Case 1:1f ¢ = 4k+1, then we obtain < classes By (i) withi = 1,2, -+, &1
each has size ¢*(¢+1)(¢* —1). Addltlonally, there is one class B7(T> with

size M in PSp4(q).

(2.9.2) Case 2 : If ¢ = 4k + 3, then in PSps(q), we have 452 classes By(i), where
1=1,2,--, % each with size ¢3(¢ — 1)(¢* — 1).

(3) Families of the classes C' and C" :
For any classes C (i), with i € Ty in the family C}, the classes,

C1(7) correspond to classes C1(j), where j € T of the family Cf, although i and
7 are not necessarily equal. Hence, the canonical images of the elements in these
family of classes are pairwise distinct in PSps(q). Therefore, these families give
rise to &1 classes C1 (i), with i € Ty and each having size ¢*(q — 1)(¢*> + 1) in
PSpa(q).
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By a similar argument, there are collections of classes in PSpy(q) given by:

{Cnli) 1i € T}, [Cn(i)| =

{Cn(i) 1i € T}, [Cn(i)| =

{G5(1) i e Ta}, |C(i)] = ;

{Cu(i) ri € T}, [Cinli)l = ;

{Cli) i e D}, {Cili)] =

(4) Family of the classes D :

The additive inverse of each element D; is also in D;. The representative of D,
in Spa(q) is Diag(1,1,—1,—1), with EDE = —D; (refer to Bs(i, j) for E).

By considering the character table and the conjugacy classes of Sp,(q) in [50],
the pairs of classes (D1, Do3) and (Dag, Doy) are additive inverses of each other.
The irreducible characters of Spys(q) corresponding to the irreducible characters
of PSps(q) have equal values in D3y and Ds3, but in the classes D3; and Day,
these characters are distinct. Note that the differences lie in £ and &', which occur
in the values of some characters. Therefore, the following classes must be added

to the conjugacy classes of PSp4(q) :

Dil = q2(q22+ 1)’
| = q4(q42— D}
D = L1,
| = (¢ - 18)(614 -1
Dl = ¢*(q* — 14)((14 -
Dl = ¢*(¢* - 18)(614 —1)

For Table 3.2 and 3.3, refer to Table 3.1 for the class representatives of the conjugacy

classes Ay to Dsy.

60



Table 3.2: PSpys(q), ¢ =4k +1

Conjugacy class No. Order G : Calg)]
Class representative | of classes | of centralizer = |nX|
1 000
i EEE . ¢ (g'-1)(g*~1) !
0010 2
0 001
(11 0 0]
— 0100 4
Aoy = 1 q4 q2—1 g —1
“Tloo1o (@-1 2
000 1
(1 ~ 0 0]
— 0100 4
Ay = 1 g -1 o
““loo1o -1 2
0 0 0 1]
(110 0]
— 010 0 4
A — 1 3(g— 1 q(¢”—1)(g+1)
oo -1 71 ?
0 0 0 1]
(110 0]
— 010 4
Aoy — 1 g+ 1 a(g’—1)(g=1)
270000 1 — (a+1) 2
0 0 0 1]
(1 1 0 0
A = 0 101 1 e *(q'=1)(¢*~1)
~1010 2
|0 0 0 1]
- -
Ap = 0 101 1 e (q'=1)(¢*~1)
~1.0 10 2
|0 0 0 1}
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Table [3.2] continued:

Conjugacy class No. Order [G: Cs(9)]
Class representative of classes of centralizer = |nX|
(¢ 0 0 0]
R = et 1)
0 0 ¢¥ 0 8
0 0 0 ¢
i € Ry, ieven
¢ 0 0 0
By(i) = 067 0 0 (¢=1)° P -1 a*(¢*-1)
0 0 6% 0 ’ :
0 0 0 ¢«
i€ R
. “1)(q—: 2
Ba(i) {e=D)e=3) - q*(¢* —1)
1€ R)
N0
— . '“/7i _ A(g2 2
B =1y o = (4= 1) HEsent
0 ~77
45
1<i<e?
. -1 .
=4 i
. —5)2 — 2
Ba(i, ) = e ¢ +1)(g+1)?
45
1<i<e?
1< 3 < %3 —1
7 0
=~ _ |0 n g1 2 (@ +1)(g-1)
B =|, " = (g+1) Lyl
0 0 n/
o g-1
1<i< o=
. q 1 .
j=% i
- _ — 2
Ba(i, j) (=) i "¢+ 1)(q — 1)
1<i< P
i<j<et—y
7t 0
_— . 0 7 0 —1)(q— 2
Bs(i. j) = 0 =) = q'(¢" = 1)
0 ~7/
1<i<et
1 <] < ? —1
no0
= 0 n a-1) 2 3(,2
By(i) = 0 0 # 0 T ag+1)(@®=1) | @(¢®+1)(g—1)
0 0 n7t
g1
1<i< 4=




Table [3.2] continued:
Conjugacy class No. Order [G: Ca(g)]
Class representative of classes of centralizer = |nX]|
7 0 1 0
A 0 nt 0 B ) ‘
Bq(i) = g0 (441) q(q+1)2(q +1) P —1)(g—1)
0 0 0 7n*
1<i<ed
~ 0 0
i 0 77 0 (g—5) a(g—1)(¢*~1) 30,2
Bg(i) = 00 4 0 S 2 (P +1)(g+1)
L0 0 7~
1<i<e?
n_ 3(,2
i= 5t
2
v 0 1 0
, 0 ~* 0 1 s ~ f
By(i) = o 0 4 0 q4 q(g=1) Al —1)(g+1)
0 0 0 ¢
1<i< e
E‘)(Z) 1 q(q — 1) M
. -1
i= 9=
n 0 0 0
. 0 ¢ 0 0 _ e
Ci(i) = 0 0 10 (‘121) a(a 1>2(q 1) P +1)(g—1)
0 01
S T2
(7 0 0 0]
— . 0 7]71. 00 _ 30 4_ _
021(2) = 0 11 (q21) q(q + 1) w
10 01
S T2
(7 0 0 0
. 0 77" 00 _ St
022(2) = 0 0 1 y (q21) q(q + 1) %
1 0 01
S T2
~ 0 00
. Y0 0 _
Csi) = Lo D -1 -1) | @+ D(g+1)
01
1€Th
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Table [3.2] continued:

Conjugacy class No. Order G : Cs(9)]
Class representative of classes | of centralizer = |nX|
(v 0 0 0]
. 0 v 00 B st
Cn (i) = (4—3) -1 *(¢*=1)(¢+1)
11(2) 0 - 5 qlqg —1) 5
0 0 1]
ZETl
(v 0 0 0]
—_— 0 ’Yﬁi 0 0 _3 3( 4_1)( +1)
Cio(i) = 0 1y & q(¢—1) R
0 0 0 1]
1 €T
10 0 O
— 01 0 20,2
D, — 1 q2q2_12 q°(¢°+1)
oo -1 o (@=1) 2
00 0 -1
(10 0 0]

—_— 0 ]. 2(,2 2
Doi — 1 2002 _ 1 a*(¢"+1)(g"=1)
oo -1 -1 T -1 2

0 0 —1]
o =
_— 0 ]. 2(,2 2
Doy — 1 P -1 *(¢°+1)(¢*=1)
Yoo -1 — @ =1) 2
0 0 —1)
o =
Day = 01 1 2 (g'=1)(¢*~1)
00 -1 -1 !
00 ~1]
1 =
Day = 01 1 4q? (g*=1)(¢*~1)
00 —1 —y s
00 —1]
I =
Das = 0 1 1 4q? (¢*=1)(¢*~1)
00 —1 —y s
00 0 -1
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Table 3.3: PSpys(q), ¢ =4k +3

Conjugacy class No. Order G : Ca(9g)]
Class representative of classes of centralizer = |nX|
o0 0 0
_ 0 174 0 0 3 (g2 _
Bo(i) = | | g0 1 ala—1)(q+1)? | T
0 0 n7t
: 1
= ol 2
Ba(i) s ALt g (g2 +1)(g - 1)
|
1<i <=
n 0 1 0
— 0 77_{ 0 1 _ 3(g%—1)(g—
B(i) = . oo (021) qlq—1) a°(q 21)(q 1)
0 0 nt
|
) 1<i< 4=
o0 0 0
- 0 v 0 0 _ 1) (g2 — ‘
Bs(i) = | | o o de e g g+ 1)(g+ 1)
1 0 0 ~°¢
1<i<e?
~0 1 0
— 0 v 0 _ _
By(i) = 0 A0 7 o) ¢*(¢" = 1)(g+1)
1 0 0 ~7¢
o -3
1<i<e?

Remark 3.5.4. Tables (md together provide the conjugacy classes of PSp4(q)

for q an odd prime power.
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Table 3.4:

Character Table of PSpy(q), q =4k + 1

Character x1(J) x2(J) xs(k,7) xa(k,7) X (k,7) Xs(k) x7(k) xs(k) Xo(k)
irreducible jEeER jE€ Ry k,reTy,k#r k,r €Ty k#r keTy,reTly kel keTy kel keTy
j even j even k +r even k + r even k + r even
Ay (¢> = 1)? ¢ -1 @+ +1) | (¢—1D*¢*+1) ¢ -1 (—D(@+1) | aa=1)"+1) | (a+1)(@*+1) | alg+1)(¢*+1)
Ay 1-¢° 1-¢° (149)? (1-¢q)? 14 ¢ q—1 a1 —q) g+1 (g +1)
Az 1—q 144q 14 3¢ 1—g¢q 1—g¢q -1 —q (1+2q) q
Azo 1+¢ 1—gq 1+4+4¢ 1—3¢q 1+4+¢ 1—-2q —q 1 q
Ay 1 1 1 1 1 1 1
By (i) C 4 (i 4 (9 4 (—aid
By (i) 09 4 07 + 09 g~ Bir —Bir ok —au
Bs(i, 5) Qi Qjr + O Qi QG Ok Qi
Ba(i, 5) BixBjr + BixBir BikBik BirBij
Bﬁ(i:j) Bik()fﬁ
Bg(i) (1+q)B;; (1 —q)BirBir Bair +1—¢q —qBoir +1—¢q 1+¢ —(1+4q)
By (3) Bij BikBir Boik + 1 1 1 -1
By (i) (1 = q)ay (1 + o, 1—g¢ —(1-gq) s +1+4¢ qag +1+¢q
By(7) aj Qi —1 1 Qg + 1 1
C1(3) (1 —q)(Bix + Bir) (1 +q)Bin (1—q)Bi Bir(1 - q)
Cx (7) (Bix + Bir) Bi Bi Bi
&10) (1+ g) (@ + cur) (1—-q)a, (1+q)ar (14 q)au
Cy(4) (vik + aur) iy Qi Qg
D, 2=D*1+¢) | 2D —q)? 2D (1+¢) | (D*(1-9?* | (=D -9¢? | (-D*1A+q)°® | ()" +9g)?
Dy 2(-1)"1+q) 2(-D*(1 —q) 2(-1) (D*1l-¢q) | (=D*1-9 | =D"1+q) | (-1)*1+q)
Ds 2(-1)" 2(-1)" 2(-1)" (=" (=" (=1)* (=)
Day 2(-1)* 2(-1)* 2(-1)* (1" (-1* (=1)* (=1*




L9

Table [3.4] continued:

Character &(k) & (k) & (k) &(k) &1 (k) &5 (k) £ (k) (k)
irreducible keT; keT, keTy kel kel kel kel kel
k even k even k even k even k even k odd k even k odd
A (@D +1) | alg=1)(¢*+1) | (¢ +1)(@*+1) | alg+1)(¢* +1) e el bl £
Ag 1+¢*—q q 1+q+¢ q Fltq(l-qE | 514q(l-g)E 5 —q(l+q) 2 —a(l+q)
Asp 1—g¢q 1+g¢q 2q % % % 1%
Ass 1—gq 2q 14gq o 5 51 51
An 1 1 _z & —z —z
B(i)
Bs(i)
Bs(i, j) Qi + Qg Qg + Qg (1Y g + (1) 'y,
By(i, ) Bik + Bk —Bik — Bk (=D)'(1 — q)B;n
Bs(i, j) Bik Bik Qjk — Qg (=1) B (=1)ap
Be(i) (1 —q)Bix —(1—q)Bir (—1)'(1 — q)Bi
By(i) Bik —Bik (=1)"Bix
Bs(7) (1+ @) (1+ @) (=) (1 + @)y
By(i) Qi Qi (—1)’au
Ci(9) 1—q+ B q—1+qBu l+g —(1+4q) {0 (—1)i(1 —q) + B9 (=1)'(1 +4q)
Cn (7) 1+ B -1 1+4+g¢ 1 -1 Bir€ (—1)" — B (—=1)
Ca(d) 1—q 1—¢ 1+ q+ aix 1+ g+ qou, (-1)i(1 —q) (—1)/(1 4 q) + g (=gas
C(4) 1 1 14 1 (—1) (—1) — apé —é
D, 2(1—q) 2¢(1 - q) 2(1+q) 2¢(1 +4q) 1-¢ —(1-¢)? (1+4q)? —(1—¢)°
Dy 2—gq q 2+ q F-(1-qF | T+ (1-q)F = (1+q) — 51+ (1+q)E
D3 2 2 —2€ 2& —2¢ 2e
D3o 2 2 —£-—¢ E4¢é —E—¢ E+¢é




Table [3.4] continued:

Character Dy oz dg
A (1+Q)gq2+1) (1+q)éq2+1) g(q? +1)
Ag # + g€’ M + ¢*¢ q
Asy e q q
Az L q
Ayl —£

B(i)

By (i) 1
Bs(i,j) | (=1)'+ (=1) | (=1)'+(=1)' | 2(-1)""
By(i, 7) 2(—1)i+it!

B (i) (—1) (=1

B (i) q—1

B (i) —1

B (i) (=D)'Q+q) | (-1)'(1+q) q+1

By(i) (1) (—1) 1

Ci (i) 5 —

Cs (4) & e (—1)+!

Cs(i) 1)+ 5% | a(=1)'+ 52 | (=1)'(¢+1)
Cu1(7) (1)F — ¢ _£ (—1)i

D, 1+gq q(1+q) ¢ +1
Dy (14 q) + ¢¢ ey g 1
D3, 1 g —& —1
D3 1 1
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Table [3.4] continued:

Character 0, 03 B9 01 012 bhs
A @ q22+1 11(11-2%1)2 a(g=1)° q(q;’2+1) q(q;’2+1) ¢
Aoy g% % + & ‘1(‘1;1) q(g—1) q(q2—1) q(q2—1)
Asp % q q
Az ? q
Ay —&
Bi(7) -1 1
By (1) (—1)tt (—1) 1 -1 -1
Bs(iyj) | (=1) | (1) 2 1 1 1
Bu(ij) | (~)™ | (—1) R
Bs(i, §) ~1 1| -1
Be(i) —q 1 q—1 q -1 | —q
B (i) 1 ~1
Bs(i) q 1 q+1 1 q q
By(i) 1 1 1
C1(4) (—1)L2(1—q) (—1)12(1—q) g—1 1 q —q
Con (4) (—1)i*1e | (—1)+ie _1
Cs(4) (—1)’2(q+1) (—1)12(q+1) g+1 q 1 q
Cu(7) (=1)He | (=1)iHLe 1 1
D, q q (11-5-21)2 _(1-9* | (4 2—1) 1q 1+2gfq2 ¢
Doy N ke il M il s o 5
Ds; —&+é | 2 e — e
Table 3.5: Character Table of PSps(q), ¢ =4k +3
Character Eo1 (k) &, (k) (k) & (k) @, D, P, 0
irreducible keT keT keT ket
k odd k odd k even k odd
D, F-1 (1-q? —(1+9) 1-q? 1-¢ l—q | =(¢+1)|—¢ !
Dy Qg | -1 - | - 1+ | B (1+q)E | (1—q) —¢F | -2 -7 -1 G | —¢ ot
Dy 28 —28 2z —2¢ 1 g—¢ -1 ¢ =t
Dy E+é —&-¢ E+é —E—& 1 -1 ol

Table [3.5 provides a few cases where the table for ¢ = 4k + 3 differs from that for

q =4k + 1.

Remark 3.5.5. Tables[3.4 and[3.5 together provide the character table of PSps(q) for

q an odd prime power.
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3.6 Irreducible characters of PSp,(q)

In this section, we discuss the irreducible characters of PSp,(q), where ¢ is an odd

prime power. Suppose that we let the following represent the irreducible characters of
Spa(q):

v1o 0 0

0 1 0
) =

0 0 41 0

0 0 0 1

Then §J67 = y~1J, where J is defined in section 3.4, so § € Z(Sp4(q)). All diagonal
automorphisms of Sps(q) are induced by conjugation by powers of §. For A € Sps(q),

2 _
A% =71 Ay, where:

-1

g

o O 2 O
o o O

0 v
But 2+ € Sps(q) such that 7 € PSpy(q). Therefore, conjugation by §2 is an inner
automorphism of PSp4(q). Thus, modulo inner automorphisms, conjugation by ¢ is
of order 2. The element o can be expressed as a composition of diagonal and field
automorphisms, given by a = ¢*¢*, where 0 < k<n—1landt=0ort=1.

Observe that the conjugacy class representatives Ay and Agg, satisfy (A21)6 = Ay and
(Agp)® = Ab,. Since 7 € PSpy(q), 0 interchanges the conjugacy classes A and Ago.
For ¢ odd, fypk is not a square, so the field automorphisms ¢* leave Ay, and Ay, fixed.
Again, by examining the pairs of conjugacy classes A4; and Ayo, Co; and Cyg, and Doy
and Doy, we find that ¢ interchanges the classes in each pair, while the remain classes
are fixed under field automorphisms. If & = ¢*§ where 0 < k < n — 1, then a does not
fix the conjugacy classes Aoy, Ago, Agr, Ao, Co1, Cog, Doy and Do,

By examining the character table of PSp,(q), we see that it contains characters 6; and
05 which are not fixed by a and must fuse in Sps(q). In particular, the stabilizer of
0, is PSps(q) < ¢ >. Hence, Ig(61)/PSpa(q) is cyclic of order n. In [53], 6, extends
to Ig(#1) and then induces irreducibly to Sps(q). Since Spy(q) contains «, it follows
that Spa(q) # Ia(61). Let ¢ € Irr(G) such that [¢pgp,(q), 1] > 0. Then (1) = rf;(1)

where 7 > 1 and r|2n. However, 0; has degree , and no proper multiple of
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01(1) is a degree of Sps(q). Hence, we reach a contradiction. Thus, a = ¢* where
1<k<n-1.
Consider the conjugacy class Bg(1) of PSps(q). We claim that Bg(1) is moved by «a.

A class representative:

n” 0 0
0 7t 0
Bsiy=1|_ T L ie.
0 n'
0 0 nt
Hence, if ¢ = 1, we have:
n 0 0
0 7t 0
Bs(1) = .
0 0 nt 0
0 0 nt
Observe:
(bk
o0 0 w0 0
0 7t 0 0 0 n? 0 0
(Bs(1)” = ) = .
0 0 n 0 0 nP 0
0 0 nt o o0 0 n?*

If Bg(1) is fixed by a, then 1 = £pFmod(q + 1). For q = p", this implies that
p" +1|pF+1or p?+1|p* — 1. Since n > k, it follows that p" +1 > p* 4 1. Hence,
p" + 11 p* + 1. Therefore, Bg(1) is moved by « to another class of the form Bg(i),
where 7 # 1.

By [53], the irreducible character y»(2) is not fixed by a~*. On the class Bg(1), this
character has value (1 + )82, where 8; = % + 17", If x2(2) = x2(2)* ", then:

(x2(2))" (Bs(1)) = x2(2)((Bs(1))”")
= x2(2)(Bg(i)) for some i # 1
= (1 +q)Pu
=1 +q)0r" +n7),
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this implies that,
A+ +n%) =A+a)m" +n7").
Hence,
R
implies p™ + 1]2(pF + 1) or p® + 1]2(p* — 1). Thus, p" +1 < 2(p* +1) < 2p"~ 1 + 2.
Hence, we have:
prt=2ptT <1
which leads to p"~!(p—2) < 1. However, if p > 3 and n > 2, then p" ' (p—2) > p > 3,
resulting in a contradiction. Therefore, y2(2) is not fixed by a~'.
Now, §, the diagonal automorphism of PSp4(q), fixes the conjugacy classes on which
X2(2) is non-zero. In particular, the stabilizer of y2(2) is PSps(q) < § >, where ¢ is
the diagonal automorphism. Hence, I¢(x2(2))/PSps(q) is cyclic of order 2.
By [0, B[, x2(2) extends to Ig(x2(2)) and then induces irreducibly to Sps(q). Since
Spa(q) contains a, it follows that Sps(q) # Is(x2(2)).
Let x € Irr(G) such that [ pgp,(q), X2(2)] > 0. Then 9(1) = rx2(1), where r > 1 and
r|2n since |Out(PSps(q))] = 2n. However, x»(2) has degree ¢* — 1, and no proper
multiple of x2(1) is a degree of Sp4(q). Hence, this leads to a contradiction.
Therefore, Spa(q) = PSpa(q) X Csp,(q)(PSpa(q))-
The following are the permutation character degrees of PSpy(q) [50L [51], denoted by
cd(PSp4(q)). For further details refer to [53].

Theorem 3.6.1. Let G = PSp(4,q). If q is even, then the set cd(G) of character

degrees of G is given as:

2 2 2
ql¢"+1) qlg+1 q(¢* —1
{17 ( 9 >? ( 9 >7q47 ( 9 )>q4_17(q_1)2(q2+1)7(q2_1)27

@+ )@ +1), (=)@ +1).q(q¢+1)(¢" +1),q(¢ = D(¢* + 1), (¢ + 1)*(¢* + 1)},

where the last degree appears only for q > 4. If q is odd and q > 7, we have the

following additional degrees:

{(q42— 1)7q(q2 L), (QQ;L 1)’ qQ(q22+ 1)’ (q— 1)22(q2 + 1)7
(q_1)2(q2+1),<q+1)2(q +1)7(CI+€);C] +1)’ Q(Q+€)2(q +1)}

g—1

where e = (—=1)7z .
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3.7 Maximal subgroups

In this section, we present the maximal subgroups of the projective symplectic group
PSpom(q). We then use the primitive permutation representation of the group PSp4(q)
to construct symmetric 1-designs. First, we provide some exceptional isomorphisms and

discuss the Klein quadric to extend our understanding of PSpy(q).

3.7.1 Klein quadric and exceptional isomorphisms

In this subsection, we discuss the Klein quadric and exceptional isomorphisms, and we
also refer the reader to [29)].

In the Grassmannian of lines, lines in PG(3, q) are represented as points in PG(5, q).
This representation can be explicitly given using Pliicker coordinates. By choosing two
points on a given line, the values P;; = x;y; — ;v; can be calculated. These points lie
on the quadratic K defined by X X5+ X1 Xy + X5 X35 = 0. The fundamental property
of this representation is that two lines intersect if and only if their corresponding points
lie on a line on K. A plane on K corresponds to either the set of lines passing through
a point or the set of lines lying on a plane in PG(3, q). There are two families of planes
on K, where planes within a family are either equal or meet at a point, and planes
from different families are either disjoint or meet in a line. A line on K corresponds to
the set of lines lying on a plane and passing through a common point.

The Pliicker coordinate construction in PG(3, q) corresponds to points of K in a non-
isotropic hyperplane in PG(5,q). This leads to an isomorphism between PSp,(q) and
P(5,q) for odd q. When ¢ is an odd number in the context of PG(3,q), a regulus R
is considered along with its opposite regulus R*. The lines in R correspond to ¢ + 1
points on K that are not orthogonal to each other, but are all orthogonal to the ¢ + 1
points corresponding to the lines in R'. As a result, R and R’ determine orthogonal
and non-degenerate planes m and 7’ of PG(5,q).

Assume that P is the point in PG(3,q)\K, where P+ is the hyperplane. Then T, =
P1NK represents a parabolic quadric. The set of lines in PG(3, ¢) that correspond to
the points of T, polar to a point of T} is known as a parabolic congruence. We consider
a point R ¢ K such that PR is non-isotropic. Two non-polar points of K that are not
in T, can be found on PR if it is a secant line. The points of Ty N R+ are polar to

both points of PR, and corresponding lines in PG(3, ¢) form a hyperbolic congruence.
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These lines correspond to polar non-isotropic lines in PG(3, q).

If ¢ is a secant line in P+, then ¢+ N Q4 consist of ¢ + 1 points of a conic, each polar

to the two points of ()4 lying in ¢. Thus, they correspond to ¢ + 1 self-polar lines of

PG(3, q); each meeting a pair of skew self-polar lines. The ¢+ 3 lines described all lies

on a quadric in PG(3,q). If £ is an external line in P+, then ¢+ N Q, again consists of

g+ 1 points of a conic, but these are no longer polar to a pair of points in ()4. However,

if we work over GF(q?), it would be possible to see these points as corresponding to

lines on a quadric in PG(3, ¢?), such that in a certain sense, in which the stabilizer in

PSpy(q) of this set of lines stabilizes a quadric.

Theorem 3.7.1. [29 Assume that p > 2. The mazximal subgroups of PSps(q), up to

conjugation, are as follows:

1

2.

PSpy(qo), where q is an odd prime power of qo;
PGSpy(qo), where q = ¢3;

The stabilizer of a point and plane, having index ¢ + ¢* +q+ 1 (one class, say
M, for both odd and even q);

The stabilizer of a parabolic congruence, having index ¢* + ¢*> +q+ 1 (one class,
say My for both odd and even q);

7*(¢*>+1
2

The stabilizer of a hyperbolic congruence, having index ) (one class for q

odd and two classes for q even where ¢ > 2, say Mz and M});

The stabilizer of a elliptic congruence, having index @ (one class for q odd

and two classes for q even where ¢ > 2, say My and M),

The stabilizer of a quadratic congruence, having index w, (for ¢ > 3)

(one class, say Ms for both odd and even q);

The stabilizer of a quadratic congruence, having index w, (for ¢ > 3)

(one class, say Mg for both odd and even q);

The stabilizer of a twisted cubic, having index ¢*(¢* — 1), (for ¢ >3, ¢ > T7) (one
class, say My for both odd and even q);
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10. groups of orders 1920 (for ¢ = £1(mod8) and prime), 960 (for ¢ = £3(mod?8)
and prime), 920 (for ¢ = £1(mod 12) and prime), 360 (for ¢ = £5(mod 12) and
# 7 prime) and 5520 (for ¢ =7).

3.7.2 Structures of maximal subgroups

In this subsection, we discuss the structures of some maximal subgroups of PSps(q).
Stabilizer of points and plane maximal subgroup M; and Finite projective
plane PG,(q)

In this subsubsection, we discuss the structures of the stabilizers of points and the

maximal subgroups of the plane, as well as the structure of the finite projective plane

PG, (q).

Definition 3.7.2. [7]] A projective plane is a structure P = (P, L, 1), where P is a set
of points, L is a set of lines and I is a relation between points and lines called incident.
If p e P and { € L, the notation p € £ means that point p is on line . The structure

satisfies the following axioms:
(i) Any two points lie on a unique line;
(i) Any two lines intersect in a unique point;
(11i) There exist four points, no three on a line;
(iv) There exist four lines, no three through a common point.

Definition 3.7.3. A homogeneous polynomial of degree 1 in P = [X,Y,Z] is of the
form aX + bY + c¢Z, where at least one of a,b, or c is non-zero. The zero set of such

a polynomaial is a projective line.

Theorem 3.7.4. [3] If L1 and Ly are distinct projective lines, then |Ly N Lo| = 1.
Remark 3.7.5. All lines in the projective plane intersect with one another.
Theorem 3.7.6. [ Let PG5(q) be a projective plane of dimension 3. Then:

(i) If p1,pe2 € PGs(q) are distinct points, then there is a unique line L with p; and

po lie on in L;
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(ii) Let L; be the line defined by the homogeneous equation a;X + b;Y + ¢;Z = 0
for i =1,2. Then the lines Li = Ly are the same if and only if the coefficient

(a1,b1,¢1) and (ag, by, co) are proportional, denoted (a1, by, c1) ~ (ag, b, cs);

(11i) Let Loy . be the line with the equation aX +bY +cZ = 0. The map [a,b,c] — Loy
establishes a bijective between the lines of PG3(q) and the points in the projective
plane PGs(q), provided that not all of a,b,c are zero.

Theorem 3.7.7. [/4] In a finite projective plane of order n:
(i) every line is incident with n + 1 points;
(i1) every point is incident with n + 1 lines;

(iii) there are n* +n + 1 points in P;

(iv) there are n® +n + 1 lines in L.

Lines in PG3(q)

Points in PGj3(q) correspond to projective equivalence classes of non-zero vectors in
R*. Specifically, the point in PG3(q) with homogeneous coordinates [X : Y : Z : W]

represents the line [v] spanned by the non-zero vector,

e R

= NN

Similarly, planes in PG3(q) correspond to projective equivalence classes of covectors:
¢:labed e RY.

Where [¢p] = [a : b : ¢ : d] is the hyperplane defined in homogenous coordinates by
¢(v) = 0, specifically given by the equation:

aX +bY +cZ +dW = 0. (3.11)

We say that the point [X : Y : Z : W] lies on the plane [a : b : ¢ : d] if and
only if equation (3.11)) is satisfied. Thus, lines and planes in PG3(q) are defined in
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Figure 3.1: PG3(3)

e
Hay

homogeneous coordinates by vectors in the vector space V = R* and covectors in its

dual vector space V* = (R)*. Moreover, the orthogonal complement v of the line

Rv € R* is the hyperplane in R* defined by covector v*, which is the transpose of v.

Example 3.7.8. Projective space of dimension 3 over the finite field of order 3, denoted
PG5(3), is illustrated in Figure[3.1]

Stabilizer of parabolic maximal subgroup M5

In this subsection, we discuss the structure of the stabilizer of a parabolic maximal

subgroup.

Theorem 3.7.9. [55] The stabilizer of totally isotropic subspaces is a parabolic mazximal

subgroup.

Proof. Suppose that W is the stabilizer of W+ and WNW+. There is two cases: either
WNW+ =0or WNW* =W. This implies that W is a non-singular subspace or a
totally isotropic subspace.

If the stabilizer of an isotropic subspace W of dimension k& preserves the flag:

0<W<Wt <V,
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then W+ /T induce a non-singular form. By Witt’s lemma, we can choose a symplectic
basis that spans W as eq,--- ,e; and €1, -+, €m, futt, -, fm that spans W+, such that
the basis for W= /W consists of the images of g1, , €m, forts s fm-

Since the quotient group Spam,_ox(q) acts on W+/W, the a group G L (q) also acts on
W. This induce a dual action on V/W=. A p-group of lower triangular matrices is

generated by the following elements:

zij fi = fit Af;
tej e — e
Yij o fi = fit Aey
: fj — fj + )\6,‘

By considering B to be the stabilizer of a maximal flag of shape:
0< Wi < o < W= (W)t = (Wit)t = (W)t =V,

let Wi, = (e1,- -, ex) and ey, - - -, €k, fm, -, f1 form a flag structure such that for all
i < j <m and for all A € F,. Define the maps on z;; and y;; that fix the basis except
for e; and fy.

Then, a unitriangular subgroup U is generated by this map together with symplectic
transvection given by:

Te, (=)« fi—= fi + ey

such that |U| = ¢™ and U is a Sylow p-subgroup.

Therefore, x;; and y;; generate a non-abelian group A such that Z(A) = ®(A) = A4,
where ®(A) denotes the Frattini subgroup, which is an elementary abelian group of
order "% and A/A" is an abelian group of order ¢?*(m=+),

The full stabilizer is of the shape:

k(k+1)
2

q ) (Spom—an(q) X GLi(q))

In the case m = k, we have:
m(m+1)

g 2 :GLy(q).
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Remark 3.7.10. These stabilizers are the maximal parabolic subgroups. In the Dynkin
diagram, the k'™ node of the diagram C,, corresponds to a totally isotropic k-dimension
subspace. By deleting this node, we obtain the Levi complement Spam,—ar(q) X GLk(q)

of the subspace stabilizer.

Proposition 3.7.11. For ¢ = 3, |PSp4(3)| = 25920 = 26.3.5, which has 5 mazimal

subgroups.
1. The stabilizer of a point and plane, having index (length) 40;
2. The stabilizer of a parabolic congruence, having index (length) 40;
3. The stabilizer of a hyperbolic congruence, having index (length) 45;
4. The stabilizer of a elliptic congruence (structure: Sg), having index (length) 36;

5. Symplectic type with M = (Cy)*:As, having index (length) 27.

Number of points | Suborbits | Rank | Point stabiliser
27 1, 10, 16 3 241 Ajs
36 1, 15, 20 3 Se
40 1,12, 27| 3 31224,
40 1,12, 27| 3 33 : Sy
45 1, 12, 32 3 2.(Ay x Ay).2

Proposition 3.7.12. For ¢ = 5, |PSps(5)| = 4680000 = 25.32.5*.13, which has 8

mazimal subgroups.
1. The stabilizer of a point and plane, having index (length) 156;
2. The stabilizer of a parabolic congruence, having index (length) 156;
3. The stabilizer of a hyperbolic congruence (order 1440), having indez (length) 325;
4. The stabilizer of a elliptic congruence (order 15600), having index (length) 300;
5. Order 360 (q = £5 (modl2) = Ag);

6. Order 720 (structure: M = S5 x S3), length 6500;
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7. Order 480 (structure: M = Cy x Cy x A5:Cy), length 9750;

8. Order 960 (q = £ — 3(mod8) ) length 9750.

Number of points Suborbits Rank
156 1, 50, 125 3
156 1, 50, 125 3
300 1, 65, 104, 130 | 4
325 1, 60, 120, 144 4

Proposition 3.7.13. For ¢ = 7, |PSp4(7)| = 138297600 = 28.3%2.52.74, which has 9

mazimal subgroups.

Number of points Suborbits Rank
400 1, 56, 343 3
400 1, 56, 343 3
1176 1, 175, 300, 350* D
1225 1, 168, 3362, 38/ d

Stabilizer of hyperbolic maximal subgroup Mj

In this subsection, we discuss the structure of the stabilizer of a hyperbolic maximal
subgroup.
Let:

o O O =
o = O O

-1

Definition 3.7.14. The projective symplectic group PSp4(q) is the group of all 4 x 4
matrices A with coefficients in T, such that AT JA = J, where AT denotes the transpose
of A and J is a symplectic form. Let Mjz be the hyperbolic subgroup, which is the

centralizer of the involution in PSps(q).

I 0
t= ,
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where [ is the identity matrix of degree n. If M3 is a maximal subgroup, it consists of

(o))

where A and B are isomorphic to SLy(q). Setting,

A 0 a 0 I 0 I 0
L, = A= =SL , Ly = B = =SL
1 {<OI>‘ (O]) 2(q)} 2 {<OB>‘ (Ob) 2(q)}
0 I
u = ,
-1 0
A0 I 0 A 0
L1L2 == = .
0 I 0 B 0 B
Remark 3.7.15. Let Ly and Ly be isomorphic to SLs(q). The elements of Ly commute

with the elements of Lo, such that L1 N Ly =<t >, My = L1Ly < u >, where u?> = 1
and LY = Ly. The center of Ms is Z =<t >, which has order 2.

all elements of the form,

Theorem 3.7.16. [56] Let M; be a hyperbolic subgroup of PSp4(q). According to the

Jordan-Holder theorem, there are two composition series:
19240, dH M,
197240, dH M,
1. H= Nuyr,) = Nasy(ry), where [Ms : H] = 2.
2. H/L1 =2 H/Ly = PSLs(q) = Ly(or Ly) < H.
3. L)7Z = LyJZ = PSLy(q) = Z < Ly(or Ly).

4. LlLQZH, wh6T6L1ﬂL2:Z:<t>.

5. M3 =H < u >, where |H| = % _ Iﬂgsl_
Theorem 3.7.17. [56] Let Ms be a hyperbolic subgroup of PSps(q). Then:

1. |M;| = q2(q2 — 1)2.
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2. M3 = LiLy < u >, where Ly and Lo are subgroups of Mz such that:
LiNLy=<t>, (L1, Lo] =1,
u 18 an involution, and there are isomorphisms:
T — X, T — Zo,
of SLy(q) on Ly and Lo, respectively, such that:

Ty = 19 for all x € SLayg.

3. If a,b € SLy(q), then
S =< a17b17a27b27u >,

is a Syly(q) of C, S = 22"+,
b Z(My) = Z(S) =< t > .

5. All involutions of Ly, Lo\ < t > are conjugate in Mz. All involutions of M3\ L Lo

are conjugate in M3 to u or tu.

Lemma 3.7.18. [50] The involutions of Ly and Lo\ < t > are not conjugate in PSps(q)
to t.

82



Chapter 4
Main results

In this chapter, we provide the design parameters obtained using Method 1 and Method
2, along with the corresponding codes for some maximal subgroups and conjugacy
classes of PSpy(q).

Our goal is to determine the parameters of the designs and codes that remain invari-
ant under the simple group G with respect to the maximal subgroups of PSp4(q).

Moreover, we will apply the two methods discussed earlier, beginning with Method 1.

4.1 Designs from Method 1

In Method 1, we will use the primitive permutation representation of the PSp,(q)

group to construct symmetric 1-designs.

Definition 4.1.1. [28 The symplectic group PSpan(q), where m > 2 and q is any

q2m71
q—1

projective (2m — 1)-space PGap—1(F,). The orbits of the stabilizer on points P consist
2m—1

prime power, acts as a primitive rank-3 group of degree on the points of the

q2m71_1

of the single point {P} one orbit of length P
The points P, together with the points from the orbit of length

— 1 and another of length g

q2'm,7171
q—1
hyperplane. In fact, the image of the absolute point P under the symplectic polarity is

— 1, form a

this hyperplane.

Theorem 4.1.2. [19 Let G be a transitive rank-3 permutation group such that the
orbit lengths for the stabilizer G, of a point a are 1, q(q + 1), and ¢3, where ¢ > 2.
Suppose that G, is not faithful on its orbit. Then:
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(i) There are at least q elements of G fizing a G4-orbit of length q(q + 1) pointwise.

(ii) If ¢ = p", where p is a prime and r is a power of 2, then G contains a normal
subgroup isomorphic to PSps(q). In particular, G is isomorphic to a group of
symplectic collineations of projective 3-space over F, contains all the symplectic

elations.

Lemma 4.1.3. If W = W+ is a mazimal isotropic subspace of dimension m, with
a complement U that is also totally isotropic, then the stabiliser of the direct sum
decomposition V.= W @ U is a maximal subgroup of PSps(q). The order of this
stabilizer is ¢ + ¢*> + q + 1.

Proof. Suppose that W = W+ is a maximal isotropic subspace of dimension m. Choose
a complement U that is also totally isotropic, such that the stabiliser of the direct sum
decomposition V=W & U is 2-GL,,(q). The elements that swap W and U induce the
duality automorphism on GL,,(q).

The stabilizer of the maximal parabolic subgroup for PSp4(q) is given by ¢*:GLs(q).

IGLy(q)| = (¢" = 1)(@" = a)(d" —¢*) -+ (¢" —q"")
m(m—1)

=q¢ 2z (—1)(@=1)(¢"—q""

For m =2:

GLa(q)| = q(q — 1)(q* = 1).
Let |M| be defined as follows:

M| = |¢*2-GLy(q)| = X ¢

Now, we compute ratio:

4 4_1 2_1
|PSpa(q)| ==l
M| fehE@-D
2
4
qg-—1
=1 = (g+D(¢*+1)

=¢+¢+q+1
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]

Theorem 4.1.4. [40] If the group G acts primitively on the points and blocks of a
symmetric 1-design D, then the design can be obtained by orbiting a union of orbits of

a point-stabilizer.

Proof. Let {M : |[MNM?|} denote the sizes of the intersections of M with its conjugates
in G.

2m—2_1
|MﬂM9|e{1,q<q : )7q2m—1}
q_

(M| [M|(¢g—1) [M]

1 ’ q(q2mf2 _ 1)’ q2m71
Ay ={IMnNMI|:geG}
M) [IM] [Ml(g—1) [M]

1 ’ q(q2mf2 _ 1)’ q2m71

|M4MmMm:{

n

},HGAM.

If m = 2, then:

21
IM N MY e {1,g%§:7rl,q3}

e{Lqlg+1),¢}
0

Proposition 4.1.5. Let M, and My be defined in chapter 3. The parameters of designs
constructed from PSpy(q) for all ¢ by Method 1, with respect to My and My are as

follows:

a*(¢=1)2(q+1) q(g—1)%*(g+1) qm—n2@+n>.
2 ) 2 ) 2 )

q*(g=1)%(g+1) q(g—1)*(g+1) q(q—1)2(q+1)>
2 g 2 g 2 :
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Proof. We have M; and M, as maximal subgroups of G = PSpy(q), and |G : M| =
|G : My =1+ q+ ¢*> + ¢ Our goal is to find the parameters of the designs invariant
under the group G using Method 1.

Since the rank of G with respect to M; (i = 1,2) is 3, the corresponding suborbits are
1,a;,b;. Therefore, for each i, we can construct two non-trivial symmetric designs with
parameters 1 — (v,a;,a;) and 1 — (v,b;,b;), where v = 1 + q + ¢*> + ¢3, and a;, b; are
well-known according to the ATLAS.

See [28], Proposition 1, which suggests that a projective symplectic group PSpa,(q)

acts as a primitive rank-3 group of degree q2q":1 . We have the designs 1— <q2qT:1 ,q2mL q2m_1)

q2m_1 q(q2m72_1) q(q2m72_1)
q—1 7 q—1 ’ q—1

formed from the longer orbit of a point-stabilizer, and 1— < ,

which is formed from the other orbit. Therefore, when m = 2, the result follows. [

4.2 Designs from Method 2

In this section, we present the parameters of designs from G = PSp4(q) using Method

2, considering both maximal subgroups of index ¢* + ¢*> + ¢ + 1 and those with indices

—q2(q;i1) for both even and odd prime powers of q.

4.2.1 Designs from subgroups of index 1+ ¢+ ¢* + ¢*

In this section, we provide the parameters of designs from G = PSp4(q) using Method
2, with respect to maximal subgroups of index ¢® + ¢4+ ¢+ 1. These subgroups appear
as two classes, denoted M; and M,, under G for all ¢, as defined in chapter 3.

Theorem 4.2.1. The parameters of designs from G = PSps(q) using Method 2 with
respect to My and My are fully provided in the following tables:

1. For even q, the parameters are provided fully in Table [£.1] and Table [£.2)

2. For odd q, the parameters are provided fully in Table and Table L.4], respec-
tively.

Proof. As in [29], let M, and M, be the stabilizers of rank-3 actions of G. By Theo-
rem [1.5.39) we have xp, = 1+ ¢; + x; (for i = 1,2), where v; and x; are irreducible
characters of G and (1) + 19(1) = q + ¢*> + ¢*. According to the character table of

86



q(q+1)?

5— and exactly two

(G, the group has a unique irreducible character 6y of degree

irreducible characters ¢, and 615, both of degree @. It is clear that
Oy + 011 =0y + 012 = ¢+ ¢* + ¢°.

We claim that 1+609+61; and 14-09+6,, are permutation characters of the rank-3 actions
of G. In fact, a careful examination of the character degrees of G (Theorem
implies that there is no other possibility for the sum of the degrees of two irreducible
characters of G to equal ¢ + ¢ + ¢®. Now, using the values of these two permutation
characters given in Table 7?7, we can determine the third parameters of each design.
Notice that if x,(g) = 0, then the conjugacy class of G does not intersect M; (for
i = 1,2), so we exclude the conjugacy classes on which the permutation characters
vanish. To find the second parameter of the design, we use Lemma [2.2.12] This

completes the proof.
O

87



Table 4.1: Designs from G under M; (g even)
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Table 4.2: Designs from G under M; (g even)

Representative v = |xG| k=|Mn :z:G| A= XM,
Ay 1 1 (¢ +1)(¢* +1)
Ay (¢ - 1)(¢" - 1) (¢* —1)? q+1
Ay q* —1 -1 qg+1
Ag q* —1 -1 qg+1
Az q¢* —1)(g+1) | q¢®* - 1)(2¢+1) 2¢+1
As q(¢* —1)(q 1) q(q— 1) 1
Ap Pt =1 -1) | ¢ —1)(g—1) 1

By (i) ¢*(¢* - 1) 2¢*(q — 1) 2
Bs(i, j) ¢*(¢* +1)(q +1)? 4g* (g +1) 4
Bs(i, j) ¢*(¢* + 1) (g +1)? 4g* (g +1) 4
Bs(i, j) ¢*(¢* - 1) 2¢*(q — 1) 2

Bg (i) (@ +1)(g—-1) ¢*(q—1) q+1

Bq (i) (gt —1)(g—-1) ¢*(q—1)? 1

Bg(i) (@ +1)(g+1) ¢*(q+3) q+3

Bg(i) (@ +1)(q+1) ¢*(q+3) q+3

Bs(i) (@ +1)(g+1) 2¢°(q+1) 2(q+1)

By(i) (¢t = 1)(g+1) 2¢°(¢* — 1) 2

By(i) (¢t = 1)(g+1) 2¢°(¢* — 1) 2

By(i) (¢t = 1)(g+1) 3¢°(¢° — 1) 3
Can (i) (¢t =1)(g—-1) ¢*(q—1)? 1

C3(1) (@ +1)(g+1) 2¢°(q+1) 2(q+1)
Cu (i) (¢t = 1)(g+1) 2¢°(¢* — 1) 2

D (¢ +1) ¢*(q+1) (¢+1)?

Dy, (¢ +1)(¢* = 1) *(¢* = 1) q+1

Do (¢ +1)(¢* = 1) ¢*(¢* = 1) q+1

Day q2(q2—12)(q4—1) q2(q—1%(q2—1) 1

Day q2(q4—12)(q2—1) q2(q—1%(q2—1) 1

Day q2(q4—i)(q2—l) qz(q—li(qQ—l) 1
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Table 4.3: Designs from G under M; (g odd)

Representative v = |29 k=|MnazC A= X,
A 1 1 (q+1)(¢*+1)
A,y q42—1 (qfl)(q22+q+1) P4qgtl
Ay q4;1 (qfl)(q22+q+1) P +qgrl
Aqy q(q4—12)(<I+1) q(q2—12)(q+1) g+ 1
Az a(¢*~1)(¢—1) q(qz—lz)(q—l) g+ 1
A q2(q4—12)(q2—1) qz(q2—21)(q—1) 1
Ay q2(q4712)(q271) q2(q2721)(q71) 1
Bo(i) i€ Ry q'(¢" - 1) 2¢*(q — 1) 2
By(inj) j="5—i | TR | 2lg ) 4
By(inj) i<j<F—i| ¢ (@+Dg+1)*]| 4¢*(g+1) 4
B (i, j) ¢'(¢" = 1) 2¢*(¢ — 1) 2
B (i) @' =1@—-1) | ¢*(¢—1)7 1
Bs(i) i= 15" e ¢*(q+1) 2(q + 1)
By(i) i = % w ¢’(¢* —1) 2
Bo(i) 1<i< % q3(q4—21)(q+1) 3q3(q22—1) 3
C1(3) @@+ 0@-1) | ¢*lg—1) q+1
Can (1) q3(q4721)(q*1) q?’(qgl)2 1
Can(i) q3(q4—21)(q—1) q“(qQ—l)2 1
Cs(9) Cl@+De+1) | Pla+3) q+3
Cu(i) q3(q4—21)(q+1) 3q3(q;—1) 3
D, L L ¢’ 2(q +1)
Dy q2(q2+12)(q2*1) q2(t1*12)(q+2) g+ 2
Doy q2(q2+12)(q2—1) qQ(q—12)(q+2) g+ 2
Dy q2(q2—i)(q4—1) qz(q—lg(ﬂf—l) 9
Day qQ(q4—18)(q2—1) qQ(q—li(qQ—l) 9
Day q2(q4f§)(q271) q2(q714)1(q271) 9
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Table 4.4: Designs from G under M, (g odd)
Representative v =|2Y k=|MnaC A= X,
A 1 1 (a+1)(¢*+1)
Asy q42_1 q22_1 g+1
A q42_1 q22_1 q+1
Ay q(q4*12)(q+1) q(q2*1%(2q+1) 2+ 1
A q(q4—12)(q—1) M 1
A4 q2(q4—12)(q2—1) q2(q2—21)(q—1) 1
A q2(q4—12)(q2—1) qz(q2—21)(q—1) 1
Bo(i) i€ R! CaCs ¢*(q—1) 2
Boli) i€ R ) ¢'(a-1) 2
§3(i,j) j= q%l iy (14((124—12)(q+1)2 24(q + 1) 4
By(ing) i <j< 3 —i|q"(¢® +1(g+1)* | 4g'(g+1) 4
B (i, j) ¢'(¢" = 1) 2¢* (¢ —1) 2
By (i) @+ | ¢la-1) g+1
Be(4) q3(q2+21)(q—1) @ g+ 1
B (i) @' -e-1) | g1 1
Ba(i) q3(q4—21)(q—1) M 1
By(i) i= % q3(q2+21)(q+1) w q+3
Bg(i) 1<i< 2 Gl +1)(qg+1) (g +3) q+3
Bs(i)) 1<i<®? | P@+1)(g+1) | 26%q+1) 2(¢ +1)
Boli) i= % q3(q4—21)(q+1) Pl — 1) 9
Bo(i) 1<i<? | @¢" =Dg+1) | 2¢°(¢* - 1) 2
Bo(i) 1<i< % q3(q4f21)(q+1) % 3
Cs(d) @ +1)+1) | 2¢°(g+1) 2(¢ +1)
Cui) e ¢*(¢* — 1) 2
D, o gty (¢ +1)?
Dy q2(q2+12)(q2—1) @ g+ 1
Dy q2(q2+12)(q271) q2(q;*1) g+ 1
Da qQ(qui)(q‘**l) q2(qflé)1(q2*1) 1
Day q2(q4—§)(q2—1) qQ(q—lz)g(qQ—l) 1
Day q2(<14—18)(q2—1) qz(q—lg(f—l) 1




*(¢°£1)
D)

4.2.2 Designs from subgroups of indices

In this section, we provide the parameters of designs from G = PSp4(q) using Method

(+1)
2

2 with respect to maximal subgroups of index ¢ . These subgroups appear as one

class for ¢ odd and as two classes for ¢ even, designated M3 and M. We also consider
maximal subgroups of index @

as two classes for ¢ even, labeled M,y and Mj.

, similarly which appear as one class for ¢ odd and

Theorem 4.2.2. The parameters of designs from G = PSp4(q) (where ¢ > 2 is even)
using Method 2 are fully provided in Table[A.5] and Table[A.6] for the two classes of sub-
groups of index w, and in Table@ and Tablefor the two classes of subgroups

oy P
of index =5—".

Proof. According to Theorem [3.6.1], the degree of the permutation representation of

.2 (%41 . . . . . . .
My is 4 (q2+ ), which is a linear combination of some irreducible characters of G.

We claim that 14 69+ x3 and 1+ 60y + x5 are permutation characters corresponding to

specific actions of G. A careful examination of the character degrees of G (Theorem
3.6.1) suggests that these are the only combinations of irreducible character degrees
that sum to @.

Similarly, we claim that 1 + 6;; + xs and 1 + 615 + xg are permutation characters
corresponding to specific actions of G. A careful examination of the character degrees
of G (Theorem 3.6.1]) implies that there is no other combination of irreducible character
degrees that sums to @.

We need to find the permutation characters of the action in each case.

qz(q2’2+ Yy ya,0)+ (%) X3(1) =1+ 65(1) + <%) x3(1).
and
qQ(qz— D_14 61(1) + (%2) xs(1) = 14 015(1) + (%) xs(1).

We claim that the permutation characters for these two actions are:

-2 -2
1+99+(qT>X3,1+0é+ (qT)X37

—2 —2
L+ 60+ (QT) Xs, 1+ 6ha + (T) X8-

92

and



Now, using Maxima [33], we can verify that no other linear combinations of the char-

acter degrees of G' sum to @. A similar argument shows that the permutation

P C it
2

characters of degree are as follows:

Lo+ (152 ) v+ 0+ (157wt

and

1400 (1) + (%) xs(1), 1+ 015(1) + (%) xs(1).

The proof is now complete.
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Table 4.5: Designs under M3 (g even)

[ap] /
M\M.A./ o~ —

N
XQQQnMA2qn/qH.111+2211111+2q
Il Y =
~<|¥ ™
L == — == —
M14_q__2_zDMM+U_UU+U_
= SRS SRS IS =] g e
[l N | > T Qla |Qla |« S | =

SIS RS RSARS RS o SRR RS ES
k q{\( SN— S~— | ~— N—
2qq =)l S| ey
<t | <f a AN | AV <t
— P el e el el e el el e
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I= SIS NS SN S SIS S S
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o
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o'
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Table 4.6: Designs under M} (g even)

~m Yy
M\..lm a1 —
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2qq j=) S| D )
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- Qh ) R Rain e RaIn RGNS R RO e Ran) e
— — —
Q < | =]~ S SIS EZTEESTEEEE
— | = < g 111111111111_2
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—
@
(D]
s
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Table 4.7: Designs under M, (g even)

<t Y Y
Mﬂm — ™| ™~
[a\]
X2Q2nM_Q111111+22++22+22q
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Table 4.8: Designs under M (g even)

Representative v =|z% k=|Mnz% | X=xu
A, 1 1 q2(q;—1)
Ay (¢* = 1)(¢" = 1) de L 2q
Ao ¢t —1 4(*+1) 2q°

B, (4) ¢*(q* —1)? 2¢°(¢°> — 1) 1
B (i) ¢*(q* — 1) 2¢*(q* — 1) 1
B, (4) ¢*(q* —1)? 2¢°(q°> — 1) 1
B, (4) ¢*(q* — 1) 2¢*(q*> — 1) 1
Bs(i) ¢*(q* — 1) 2¢*(¢° + 1) 1
Bs(i, 7) ¢*(¢* = 1) 2¢°(¢* + 1) 1
B (i) ¢*(¢* +1)(g—1) 4q(¢* + 1) 2(q+1)
B (i) (¢ =g —1) | 4q(¢* + 1) (g — 1) 2
Bs(i) PP+ 1)(g+1) | e g9
By(i) ¢*(¢* = D(g+1) | 4q(¢* +1)(g + 1) 2
10 ¢*(¢® +1)(g—1) 4q(¢* + 1) 2(q+1)
O (1) (" =g —1) | 4q(* +1)(g—1) 2
O (i) ¢*(¢" = 1)(g—1) | 4q(¢* + 1)(q — 1) 2
C(i) G+ 1)(g+1) | MR g0
Cu(i) ¢’(¢" = D(g+1) | 49(¢® + 1) (g + 1) 2
Co(i) ¢*(¢" =g+ 1) | 49(¢* +1)(q+ 1) 2
Day q2(q2—12)(q4—1) g(g* — 1) q

Theorem 4.2.3. The parameters of designs from G = PSpy(q) (where ¢ > 2 is odd)
using Method 2 are fully provided in Table and Table for the two classes of
4.11| and Table |4.12

subgroups of index @7 and in Table for the two classes of

¢ (¢*—1)
SR

subgroups of index
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Proof. Based on Theorem|3.6.1}, the degree of the permutation representation of @,

and it can be written as a linear combination of specific irreducible characters of G.
We assert that the expressions 146+ x5 and 1465+ x5 serve as permutation characters
for specific actions of the group G. A thorough analysis of the character degrees of G, as
outlined in Theorem [3.6.1], indicates that these are the sole combinations of irreducible
character degrees that sum to q%’zﬂ. This suggests that no other combinations can
achieve this total.

Similarly, we claim that 1+ 6;; 4+ ys and 1+ 65 + xg are permutation characters of the
actions of G. A detailed analysis of the character degrees of G, as presented in Theorem
3.6.1] indicates that these are the only combinations of irreducible character degrees
that sum to @. This indicates that no alternative combinations can produce this
sum.

Hence, we have:

q+2 qg+2

14 69(1) + <T> x3(1), 1+ 0(1) + (T) x3(1),

and

q+2 q+2

1+6:11(1) + (T) xs(1), 1+ 012(1) + (T) xs(1).

Now, using a similar argument to the proof of the previous theorem, we can find the

corresponding permutation characters of G and the result follows.
O
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Table 4.9: Designs under M3 for ¢ = 4n — 1, where n € N

Representative v =|z% k=|Mna% A= XM
A 1 1 —qz(q;—}—l)
Ay g1 ¢ —1 ¢
2
p— 1_
Az EA 12)(q+1) n(g+1)(¢* - 1) qn
Ao M (=)@ -1 | 2ng
Bo(i) i€ R! -1 (¢ — 1) 1
Bs(i) i="7 | @@+ 1)(g—1)| 2¢(¢—1Dn n
J— R 3(,2 _
Bo(i) i=41 | B gg—1)(g+2) q+2
— 3(,4
— . s _ 3(,2 2
By(i) i= 15t | it alg + n n
— 3 A1\
Ca (i) % 29(q —1)*(¢ +1) 2
Co(7) e -l _21)((1_1) q(q> = 1)(g — 1) 1
D, ¢°(¢*+1) 4°—2q+(q+2n) ¢°—2q+(q+2n)
2 2 2
J— 20,4 __
Doy % (¢> = 1)n n
Doy ¢*(¢*+1)(¢*~1) 4> —2q+(q+2n) q¢°—2q+(q+2n)
2 2 2
Day q2(q2—i)(q4—1) (q—l)(f—l)2 q%l
Das q2(q4—18)(q2—1) (q+n)(;f—1)2 q+n
Day q2(q4—18)(q2—1) (q+n)(4;12—1)2 q+n
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Table 4.10: Designs under M3 for ¢ = 4n + 1, where n € N.

Representative v = 2% k= |MnazC A= XMs
4, 1 1 e+
Ap q42_1 ¢ —1 s
Agg q4;1 ¢ —1 'S
An gt 2n(g +1)(¢*> — 1) 2nq
Az @GN T4 1)(g- 1@ -1) | (2n+1)g
By(i) ic R! (g -1) 2¢%(¢% — 1) 2
Byli) i€ R! (e =1) 3¢%(¢ — 1) 3
Bai,j) i<j<ip®—i| CHD-lr ¢*(g —n)(q — 1)° ¢—n
Bs(i, j) q*(¢* = 1) 2¢*(¢° — 1) 1
Bg(i) i=4¢ PP +1)(g—1) 2q(q — 1) 1
By(i) i =1 ¢ +1)(g—1) 4g*(q — 1) 2
B (i) <l -Dle-1) q(qg —1)*(¢ +1) 1
Ba(i) i— 5! CEHEE | g(an— Vg +2)(q+1) | (dn—1)g+2
Bo(i) i =" A CEICES)] 29(¢* — 1)(q +1) 2
C1(i) ¢*(¢* +1)(g—1) 2q(q — 1) 1
O (i) el b a(d> — 1(g—1) 1
Conli) Cl Dl a(¢* = 1)(g—1) 1
C3(i) ¢*(¢* +1)(g+1) 2q(q +1) 1
Ca(i) D a(@® — (g +1) 1
Cuali) Cl L) a(¢* = 1)(g+1) 1
D, qz(qigﬂ) 372q45(q+2n) q372q+2(q+2n)
Doy qQ(q;fl) n(g® — 1) n
Do (12@7;_1) n(qg* —1) n
Day qz(QQ—Z)(Q“—l) M n
Day q2(q4718)(q271) (q+n)(f2*1)2 q+n
Day q2(q4—18)(q2—1) (q+n)(4112—1)2 g+n
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Table 4.11: Designs under My for ¢ = 4n — 1, where n € N

Representative | v = |27 k=|MnN % A= Xy
A, 1 1 et
As w n(g+1)(¢*+1) nq
Ay WDl Ton(g-1)(@+1) | 2ng
Bi(i) i€ Ry | ¢*(¢> — 1) 2¢*(¢> — 1) 1
Bo(i) ie Ry | COB [ +1)g-1) ] g1
Bs(i, 5) q*(q* — 1) 2¢°(¢* + 1) 1
By(i) i =4t | el 2q(¢q° +1) 2(q +1)
B (4) D6l (g — 1) + 1) 1
Ca (0) LD 9g(g? +1) (g — 1) 2
D ) dat alg+1)
Doy ‘f(qTél_l) (¢>+ 1)n n
Doy q2(q2+12)(q2—1) q3—2qz(q+2n) q3—2qz(q+2n)
Day qQ(qQ—il)(q‘*—l) @ q
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Table 4.12: Designs under M, for ¢ = 4n + 1, where n € N

Representative v = |2Y| k=|Mna%| A= Xm,
A 1 1 Lt
oy e 2n(q +1)(¢* + 1) 2nq
Ag de=D@D T (g2 4+ 1)(g — 1)(g — 2n) | a(q — 2n)

Bi(i) i€ RY ¢*(¢® = 1) 2¢*(¢* — 1) 1

By(i) i€ R} q*(¢* = 1) 2¢*(¢* = 1) 1

B\(i) i€ Ry q'(¢* = 1) 2¢°(¢> — 1) 1

By(i) i€ Ry i L *(* +1)(g— 1) ¢—1

By(i,j) i<j<iP—i| Lot b s 2 g2
Bs(i, j) q'(¢* — 1) 2¢°(q* + 1) 1
s(i) i= L (D) R 2(q+1)
Ci(i) P+ 1)(g—1) e (g —2)
Ci) e De-l) a(@®+1)(g— 1) 1
C(i) ¢*(¢* + 1)(g+1) w q—2n
Cuni) Dl 2g(¢* + 1)(q + 1) 2
D, o L 2q(g + 1)
Doy @ n(q* — 1) n
Day qz(qz—i)(q“l) (4n+1)2(q -1) dn + 1
Da ZiTECE DG g+n
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¢ (¢*+1)(¢£1)

4.2.3 Designs from subgroups of indices 5

Theorem 4.2.4. The parameters of designs from G = PSps(q) (where ¢ > 3) using

Method 2 are fully provided in Table[d.13] and Table[£.14) for the two classes of subgroups
of indices q3(q2+21)(q+1) and q3(q2+21)(q_1), as defined in Chapter 3.

Proof. Using a similar argument to that in the proof of the previous theorem, we have:

q+2

L0+ (52 wal) = 1500+ (152 ) nal)

and

q+2

2

L4 0n(1) + (T) Yo(1) = 1+ 015(1) + (%) Yo(1).

Thus, the result follows.

Table 4.13: Designs under Ms

Representative v = |2Y k=|Mna% A= X
4, 1 1 q3(q2+21)(q+1)
Aqy q(q4—12)(q+1) ¢ —1 7
By(i) i€ Ry w @ o
Bo() i€ R |t alg — 1)° q-1
By(i) i€ R! q“(qQJrlQ)(q—l)2 rz(qg_l)2 %1
B (i, j) ‘(¢ — 1) 2q(q — 1) 1
6(i) i=2 | PP +1)(g—1) fata—t) 3q
Bs(i) gl et T S R
Cs(i) ¢*(¢* +1)(g +1) 2q(q +1) q(q+1)
Culi) L a— ¢ -1 1
D, e+ (4k — 1)+ 2q(q +1) | (4k —1) +2
Doy q2(q2+12)(q2*1) q372qw;(q+2k) q3f2qg(q+2k)
Day q2(q2*§)(q4*1) (qfl)iqtl) q
Day q2(q2—§)(q4—1) (q—1)§q2—1) q
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Table 4.14: Designs under Mg

Representative v =|2Y k=|Mnz% | X\=xu,
A, 1 1 q3(q2+21)(q*1)
Az M ¢ —1 q°
Ba(i) ie Ry | ol U x
Bo(i) i€ RY o L a(q® — 1) g1
B,(i) ie Ry | leiledl (g 1) q
Bs(i, j) q'(q" = 1) 2q(q +1) 1
Be(i) i=* | ¢ +1)(g—1) 8¢ 4q
Be(i) i=2= | ¢*(¢*+1)(¢—1) 8¢ 4q
B (i) e 2? - 1) 1
By (i) (@ +1)(e+]) 2(2¢ + 1) 2+ 1
O (i) (@ +1)(g+1) | 2q(g+1) (g +1)
C3(i) (@ +1D(g+1) | 29(g+1) (g +1)
Cui (i) q3(q4—21)(q+1) P —1 1
D, q2(q;+1) % Q(q—1)2(q2+1)
Day q2(q2—i)(q4—1) (q+1)éq2—1) q
Day qz(q2—é)(q4—1) (q—l)iq2—1) q
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4.3 Codes from the simple group PSpy(3)
In this section, we construct the code parameters from the finite simple group P.Sp,(3).

Proposition 4.3.1. For q = 3, |PSp4(3)| = 25920 = 26.3.5, and there are 5 mazimal
subgroups that appear:

Table 4.15: Maximal Subgroups for ¢ = 3

Degree | Suborbits | Rank | Group structures
27 1, 10, 16 3 241 As
36 1, 15, 20 3 Se
40 1, 12, 27 3 31224,
40 1, 12, 27 3 3%: 5,
45 1, 12, 32 3 22.(Ay x Ay)

The table shows that the group has five classes of maximal subgroups up to
conjugation [I1]. For each maximal subgroup M; (where i = 1,2,3,4,5), the action
of G by conjugation on the set of conjugates of M; gives a primitive action of degree
|G:M;| € {27,36,40,40,45}. The elements of each degree generate a permutation
module over Fy. Every binary code of length |G:M;| that admits G as a primitive
permutation group is a submodule of the permutation module of G with respect to the

action of GG.

Lemma 4.3.2. Let C' be the repetition code of length n over the finite field Fy, and let
C* denote the dual of C. If C = [n,1,n], then C+ = [n,n — 1,2].

Proof. If w is a non-zero codeword in C, then w = (A, Ao, Az, -+, \,), where A € F.
Hence, the weight of w is n. From the definition of the dual of a code, we observe that
the codeword (1, [F*|,0,---,0) is in C*t. Additionally, if v = (vi,ve,vs,-++ ,v,) is a
non-zero codeword of C+, then vy + vy +v3 + - - -+, = 0. Therefore, no codewords of

weight 1 exist, which implies that the minimum weight of C* is 2.
m
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According to Lemma [4.3.2] the codes [n,n,1] and [n,n — 1,2] correct fewer than 1

error, so they are of less interest.

Lemma 4.3.3. Let C be a code of length n over a finite field F,, and let C* be the dual

of C. Then all codewords ¢ lies in C' if and only if q¢ divides the sum of all coordinates
of each w € C*+. In particular, if ¢ = 2, then ¢ € C if and only if C* is even.

Proof. See ([13], Lemma 2) O

Proposition 4.3.4. Let G = PSpy(3), the projective symplectic group. Then:

1. If My is a primitive subgroup of degree 40, then a binary linear code Cis =
40, 16, 8] is doubly even and irreducible, with a dual binary linear code [40, 24, 6]

of dimension 24 that is even and self-orthogonal.

2. If My is a primitive subgroup of degree 40, then a binary linear code Cio =
40, 10, 12] is doubly even and irreducible, with a dual binary linear code [40, 30, 3]

of dimension 30 that is even and self-orthogonal.

3. If M3 is a primitive subgroup of degree 36, then a binary linear code Cyy =
36,6, 16] is doubly even, with a dual binary linear code [36,30,3] of dimension
30 that is even and self-orthogonal.

4. If My is a primitive subgroup of degree 45, then a binary linear code C3y =
[45,14,12] is doubly even, with a dual binary linear code [45,31,5] of dimension

31 that is even and self-orthogonal.

5. If Ms is a primitive subgroup of degree 27, then a binary linear code Cig =
27,6,12] is doubly even, with a dual binary linear code [27,21,3] of dimension

21 that is even and self-orthogonal.

Proof. Using MAGMA, the weight distributions of the codes under PSp,(3) are given
in Table 4.16]
Since all the weights of these codes are divisible by 4, they are doubly even. The
code Co = [40, 10, 12] has submodules other than the trivial submodule, hence it is
irreducible, while the other codes are reducible.

O
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Table 4.16: Codes

Name Codes Weight distribution Design
Chy [40,16,8] | [01, 895, 121120 1G19570, 932064 9415570 981120 3945 4ol] | 1 — (40,12, 12)
Cio | [40,10,12] (01,1290 16135 20672 24135 2810 401! 1—(40,12,12)
Cao [36, 6, 16] [0, 16%7, 20%°] 1 — (36,20, 20)
Csy | [45,14,12] [0, 12120 16810, 206768 246120 982520 3945] 1—(45,32,32)
Cle [27,6,12] [0, 1236,16%7] 1—(27,16,16)

4.3.1 Representation of degree 40

We consider a permutation group G acting on a set € of size 40. We identify a
40-dimensional permutation module that is invariant under the action of . This
module serves as our primary working module, and we proceed to examine all of its
submodules. The permutation module decomposes into submodules with dimensions
0,1,15,16,24,25,39, and 40. The composition series of the module is as follows:

V=40239D25252024D016D15D>1>0.

This demonstrates that the only irreducible submodule is the one of dimension 0.
The non-trivial submodules have dimensions 1,15, 16, 24, 25, 39, and 40. Therefore, by
Theorem [2.3.2), it is sufficient to find codes of dimensions 1,15, 16, 24,25, 39, and 40.

We will refer to these codes as:

1. Cyoq = [40,1,40). 4. Cyoq = [40,24,6].
2. 04072 - [40, 157 8] 5 04075 - [40, 25,4]
3. Cyos = [40, 16, 8). 6. Cioe = [40,39,2).

Proposition 4.3.5. Cy1 s a repetition code, and Cyo¢ is its dual code. They have

minimum distances of 40 and 2, respectively. Moreover, Cyp1 < Cygp.

Proof. The dimension of Cy satisfies the definition of a repetition code. Moreover,
|P1(2)| — 1 =39 by Proposition [2.3.3|

It follows that Cyg ¢ is the dual code of Cyg ;. By Lemma, we have Cyo 1 = [40, 1, 40]
and Cyo¢ = [40,39,2]; hence, Cy¢ is the dual code of Cyg ;. Since Char(Fy) divides
the order of |P(2)|, we also have Cyp; < Cyo6 as proposed. O
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Figure 4.1: Submodule lattice for a 40-dimensional representation.

Proposition 4.3.6. 1. Cy2 is a code, and Cyo5 is its dual code; they have mini-

mum distances of 8 and 4, respectively. Moreover, Cypo < Cao 5.

2. Cyo3 is a code, and Cyg 4 15 its dual code; they have minimum distances of 8 and

6, respectively. Moreover, Cyp3 < Ca 4.
Proof. Same proof as Proposition |4.3.5] O]

Using MAGMA, we find that the minimum distance of Cyp2 is 8 and the minimum
distance of Cyg5 is 4. From the fact that if C' = [n,k,d] then C* = [n,n — k,d'], we
can conclude that Cy2 and Cyg 5 are each other’s dual codes.

As for Cy 3, its minimum distance is 8 and the minimum distance of Cyg 4 is 6, with

Cao,3 and Cyp 4 being each other’s dual codes.

4.3.2 Representation of degree 40

For the maximal subgroup M, of a permutation group acting on a set ) of size 40,
we identify a 40-dimensional permutation module that is invariant under the action of
(. This permutation module serves as our working module, and we proceed to ana-
lyze all of its submodules. The module decomposes into submodules with dimensions
0,1,9,10, 15,16, 24, 25, 30, 31, 39, and 40.

108



This shows that the only irreducible submodule is of dimension 0. The non-trivial
submodules have dimensions 1,9, 10, 15, 16, 24, 25, 30, 31, and 39. Therefore, according
to Theorem [2.3.2] it suffices to find codes of dimensions 9, 10, 15, 16, 24, 25, 30 and 31.
We will denote these codes by:

1. Cyo, = [40,9,16]. 5. Cios = [40,24,6).
2. Cyo2 = [40,10,12]. 6. Cuog = [40,25,4].
3. Cyo3 = [40,15,10]. 7. Cuor = [40,30,4].
4. Cyou = [40,16,10]. 8. Cios = [40,31,4).

Figure 4.2: Submodule lattice for a 40-dimensional representation.

Proposition 4.3.7. Cy1 is a code and Cyg is its dual code; they have minimum

distances of 16 and 4, respectively. Moreover, Cyo1 < Cyos.
Proof. Same proof as Proposition [£.3.5 O

Using MAGMA, we find that the minimum distance of Cyg o is 12 and the minimum
distance of Cyo7 is 4. From the fact that if C = [n, k,d] then C+ = [n,n — k,d'], we

can conclude that Cy 2 and Cyg 7 are each other’s dual codes.
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Similarly, Cyo 3 with minimum distance 10 and Cy9 ¢ with minimum distance 4 are also
each other’s dual codes. We also find that the minimum distance of Cyo4 is 10, and

the minimum distance of Cyg 5 is 6; these codes are each other’s dual codes as well.

4.3.3 Representation of degree 45

For the maximal subgroup M; of a permutation group acting on the set €2 of degree
45, we find a 45-dimensional permutation module invariant under G. We take this
permutation module as our working module and identify all its submodules. This
permutation module breaks into submodules of dimensions;

0,1,14,153,16, 20,213, 22,23, 243, 25,29, 303, 31, 44, and 45.

This shows that the only irreducible submodule is of dimension 0. The non-trivial sub-
modules have dimensions 1, 14, 153, 16, 20, 213, 22, 23, 243, 25,29, 303, 31, and 44. There-
fore, according to Theorem [2.3.2] it suffices to find codes of dimensions

14,153,116, 20, 213,22, 23,243, 25,29, 303, and 31. We will denote these codes by:

1. Cy5q = [45,14,12]. 11. Cy511 = [45,23,8].
2. Cy50 = [45,15,9]. 12. Cy512 = [45,24,6].
3. Cy53 = [45,15,12]. 13. Cys513 = [45,24,8].
4. Cy54 = [45,15,12]. 14. Cy514 = [45,24,8].
5. Cys5 = [45,16,9]. 15. Cys15 = [45,25,6].
6. Cys56 = [45,20, 8. 16. Cys.16 = [45,29,6].
7. Cy57 = [45,21,38]. 17. Cy517 = [45, 30, 6].
8. Cy55 = [45,21,8]. 18. Cys18 = [45, 30, 5].
9. Cys9 = [45,21,5]. 19. Cys19 = [45, 30, 5].
10. Cys10 = [45,22,5]. 20. Cys20 = [45,31,5].
Proposition 4.3.8. 1. Cy5, is a code, and Cys 90 s its dual code; they have mini-

mum distances of 12 and 5, respectively. Moreover, Cys1 < Cys.9.
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. Cys2 15 a code, and Cys 17 15 its dual code; they have minimum distances of 9 and

6, respectively. Moreover, Cys2 < Cus17.

. There are two isomorphic codes, Cys3 and Cys 4, which are codes isomorphic to
Cus18 and Cys19 such that they are each other’s dual codes and have minimum

distances of 12 and 5, respectively. Moreover, (Cys3,Cus.4) < (Cas1s, Cas19)-

. Cys5 15 a code, and Cys 16 15 its dual code; they have minimum distances of 9 and

6, respectively. Moreover, Cus5 < Cus16.

. Cys6 15 a code, and Cys 15 is its dual code; they have minimum distances of 8 and

6, respectively. Moreover, Cus6 < Cas15.

. There are two isomorphic codes, Cys7 and Cyss, which are codes isomorphic to
Cus,14 and Cys 13 such that they are each other’s dual codes and have minimum

distances of 8 and 8, respectively. Moreover, (Cys7,Cuss) < (Cusa, Cus13)-

. Cys9 15 a code, and Cys 12 15 its dual code; they have minimum distances of 5 and

6, respectively. Moreover, Cys9 < Cas12.

. Cis10 @5 a code, and Cys11 15 1ts dual code; they have minimum distances of 5

and 8, respectively. Moreover, Cys 19 < Cs11.

Proof. Same proof as Proposition [£.3.5 O

The submodule lattice of this representation as shown in Figure 4.3.

4.3.4 Representation of degree 36

For the maximal subgroup M, of a permutation group acting on the set ) of degree 36,

we find a 36-dimensional permutation module invariant under G. We take this permu-

tation module as our working module and identify all submodules. This permutation
module breaks into submodules of dimensions 0, 1,6, 7, 15, 16, 20, 21, 29, 30, 35, and 36.
This shows that the only irreducible submodule is of dimension 0. The non-trivial
submodules have dimensions 1, 6,7, 15, 16, 20, 21, 29, 30, and 35. Therefore, according
to Theorem [2.3.2] it suffices to find codes of dimensions 6,7, 15, 16,20, 21,29 and 30.
We will denote these codes by:
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Figure 4.3: Submodule lattice for a 45-dimensional representation.

1. Cs61 = [36,6,16]. 5. Cs65 = [36,20,6].
2. U569 =1[36,7,16]. 6. Cs66 = [36,21,6].
3. Cs63 = [36,15,8]. 7. Css7 = [36,29,4].
4. Cs64 = [36, 16, 8. 8. CUs65 = [36,30, 3.
Proposition 4.3.9. 1. Cs61 s a code, and Csgg 1s its dual code; they have mini-

mum distances of 16 and 3, respectively. Moreover, Csg1 < Csgg.

2. Usgo 15 a code, and Csg 7 1s its dual code; they have minimum distances of 16 and

4, respectively. Moreover, Csgo < Csg 7.

3. Csg3 15 a code, and Csg ¢ is 1ts dual code; they have minimum distances of 8 and

6, respectively. Moreover, Css3 < Csg .

4. Cssq 15 a code, and Csg 5 15 its dual code; they have minimum distances of 8 and

6, respectively. Moreover, Cssq < Csg 5.
Proof. Same proof as Proposition [£.3.5 O

The submodule lattice of this representation as shown in Figure 4.4.
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Figure 4.4: Submodule lattice for a 36-dimensional representation

4.3.5 Representation of degree 27

For the maximal subgroup Mj5 of a permutation group acting on the set €2 of degree 27,
we find a 27-dimensional permutation module invariant under G. We take this permu-
tation module as our working module and identify all submodules. This permutation
module breaks into submodules of dimensions 0, 1,6, 7, 20, 21, 26 and 27.

This shows that the only irreducible submodule is of dimension 0. The non-trivial
submodules have dimensions 1,6, 7,20, 21,26 and 27. Therefore, according to Theorem
2.3.2} it suffices to find codes of dimensions 6,7,20,21, and 26. We will denote these
codes by:

1. Cyrq = [27,6,12]. 3. Carg =[27,20,4].
2. Coyr9 =[27,7,11]. 4. Cor4 = [27,21,3].
Proposition 4.3.10. 1. Cy7, 18 a code, and Car 4 s its dual code; they have mini-

mum distances of 12 and 3, respectively. Moreover, Ca71 < Caz 4.

2. A Cyr is a code, and Car g is its dual code; they have minimum distances of 11

and 4, respectively. Moreover, Ca79 < Car 3.
Proof. Same proof as Proposition [£.3.5 O

The submodule lattice of this representation as shown in Figure 4.5.
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Figure 4.5: Submodule lattice for a 27-dimensional representation.

N

Non-binary codes

Proposition 4.3.11. Let G = PSp4(3) be the projective symplectic group. Then:

1. If My is a primitive subgroup of degree 40, then the ternary linear code Cy; =
40,10, 18] is divisible by 3 and is irreducible. Its dual ternary linear code is
40, 30, 4], with dimension 30. This dual code is also divisible by 3 and is self-

orthogonal.

2. If My is a primitive subgroup of degree 40, then the ternary linear code Cyr =
40, 16, 8] is divisible by 3. Its dual binary linear code is [40, 24, 6], with dimension
24. This dual code is divisible by 3 and it is self-orthogonal.

3. If M3 is a primitive subgroup of degree 36, then the ternary linear code Ci5 =
36, 15, 9] is divisible by 3. Its dual binary linear code is [36, 21, 6], with dimension
21. This dual code is divisible by 3 and is self-orthogonal.

4. If My is a primitive subgroup of degree 45, then the ternary linear code Cio =
[45,15,12] is divisible by 3. Its dual binary linear code is (45,30, 6], with dimen-
sion 30. This dual code is divisible by 3 and it is self-orthogonal.

Proof. Using MAGMA, the weight distributions of the codes under PSp4(3) are given
in the Table .17
[
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Table 4.17: Codes

Name Codes Weight distribution Design
Cyr | 40,10, 18] [0, 181560 2421060 9718800 3()16848 36780) 1 —(40,27,27)
Cyr | 40,14, 12] [0F, 12590, 153600 1§39360 91305280 91228320 971982240 301017648 33193650 3GLISE0 3720] 1 — (40,27,27)
Chs (36,15, 9] (01,950, 123210 1513632 18693600 913355341 95992110 973634320 3587736 3318360 36181] 1— (36,15, 15)
Cuy | [45,15,12] | [01, 129, 1511523 188660 9192340 9952020 973394640 3()5270400 333TI2NT0 36850170 363360 493060 45244) | | — (45,12, 12)

Non-binary codes from representation of degree 40

For M;, we are interested in constructing linear codes of length 40 over the finite field
[F,, where ¢ is a prime factor of |G|. This method is particularly useful for constructing
non-binary codes. In this section, we will focus on constructing codes of length 40 over
[F3, which are referred to as ternary codes.

In the field F3, the permutation module of degree 40 decomposes into submodules of
the following dimensions: 0, 1,10, 11, 15, 16, 25, 29, 30, 39 and 40. These dimensions rep-
resent the distinct submodules that arise when the permutation module is decomposed.
This decomposition is an essential part of understanding the structure of the codes, we
aim to construct.

According to Theorem [2.3.2] it is sufficient to find codes with the specified dimensions.
As a result, there are 8 non-trivial ternary codes that admit PSp4(3) as a primitive
permutation group. We have already determined the lengths and dimensions of these
ternary codes, and the remaining task is to determine their minimum distances in order

to fully characterize the codes. Using MAGMA, we find the following non-trivial codes:

1. iy, = [40,10,18]. 5. Cios = [40,24,6].
2. Cjyo = [40,11,13]. 6. Cjye = [40,25,4].
3. Cjy = [40,15,8]. 7. Cjyr = [40,29,6].
4. Cjyy = [40,16,8]. 8. Ciys = [40,30,4].

Proposition 4.3.12. 1. Cjy, is a code and Cjyg s its dual code, with minimum

distances 18 and 4 respectwely. Moreover, Cjy; < Cjgg-

2. Cloo 15 a code and Cjy, is its dual code, with minimum distances 13 and 6

*

respectively. Moreover, Cyy 4 < Cjy 7.
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3. Cly3 15 a code and C}, ¢ 1s its dual code, with minimum distances 8 and 4 respec-

tively. Moreover, Cjy 3 < Cly-

4. Cho4 s a code and CY 5 is its dual code, with minimum distances 8 and 6 respec-

tively. Moreover, Cjy 4 < Clg 5.
Proof. Same proof as Proposition [4.3.5] n

The submodule lattice is shown in Figure which also indicates that the only irre-

ducible code is of dimension 0.

Figure 4.6: Submodule lattice for a 40-dimensional representation in 3
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Non-binary codes from representation of degree 45

For M3, we aim to find linear codes of length 45 over [, where ¢ is a prime divisor of
|G|. The method outlined here is applicable to constructing non-binary codes. In this
case, we focus on finding codes of length 45 over 3.

In the field F3, the permutation module of degree 45 decomposes into submodules with
dimensions 0, 1, 14, 15, 20, 21, 24, 25, 30, 31, 44, and 45.

According to Theorem it is sufficient to identify codes with the specified dimen-
sions. As a result, there are 8 non-trivial ternary codes that have PSp,(3) as a primitive
permutation group. We have already determined the lengths and dimensions of these
ternary codes, and the next step is to calculate their minimum distances in order to

fully characterize the codes. Using MAGMA, we find that the non-trivial codes are as

follows:
1. Gy, = [45,14,15]. 5. Cis5 = [45,24,6].
2. Cfs = [45,15,12]. 6. Cjs6 = [45,25,6).
3. Cs3 = [45,20,8]. 7. Cis.7 = [45,30,6].
4. Cis.4 = [45,21,5]. 8. Css = [45,31,5].
Proposition 4.3.13. 1. Cj;, is a code and Cjsg is its dual code, with minimum

distances 15 and 5, respectively. Moreover, Cis 1 < Cisg.

2. Clso 18 a code and Cjs, is its dual code, with minimum distances 12 and 6,

*

respectively. Moreover, Cis 5 < C)s 7.

3. Cis3 15 a code and Cjs 4 is its dual code, with minimum distances 8 and 6, re-

spectively. Moreover, Cjs 3 < Cfs 4.

4. Cls4 15 a code and Cj 5 is its dual code, with minimum distances 5 and 6, re-

spectively. Moreover, Cjs , < Cjs <.
Proof. Same proof as Proposition [4.3.5] O

The submodule lattice of this representation as shown in Figure 4.7.
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Figure 4.7: Submodule lattice for a 45-dimensional representation.

Non-binary codes from representation of degree 36

For My, we aim to find linear codes of length 36 over F,, where ¢ is a prime factor
of |G|. The method described here is applicable for constructing non-binary codes.
Specifically, we will focus on finding codes of length 36 over Fj.

In the field F3, the permutation module of degree 36 decomposes into submodules with
dimensions 0, 1, 14, 154, 16, 20, 21%, 22, 35 and 36.

1. Cis, = [36,14,12]. 7. Cisr = [36,20,6].
2. 0 = [36,15,11]. 8. s = [36,21,6].
3. C3.3 = [36,15,11]. 9. C369 = [36,21,6].
4. C3.4 = [36,15,8]. 10. C36.49 = [36,21,6].
5. Ciss = [36,15,9]. 11. G, = [36,21,6].
6. C36 = [36,16,8]. 12. C36.1 = [36,22,6].
Proposition 4.3.14. 1. U3, is a code and C3g 1y 1s its dual code, with minimum

distances 12 and 6, respectively. Moreover, C3q 1 < Cjg 19

2. There are two equal codes, Cyq o and Cig 5, with Clg 1y and C3q 1o such that their

dual codes are also equal, and they have minimum distances 11 and 6, respectively.
Moreover, (C3g5, Cig3) < (Cig 115 Cl6.10)-
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3. There are two isomorphic codes, C3g 4 and Clg 5, with Cg 4 and Cigg such that
they are isomorphic to their dual codes, and they have minimum distances 8, 9,

and 6, respectively. Moreover, (01‘5’7, ;"578) < (01‘5714,015713).

4. C3g6 ts a code and C3q, is its dual code, with minimum distances 8 and 6, re-

spectively. Moreover, C3s 6 < Cg 7.
Proof. Same proof as Proposition |4.3.5| m

The submodule lattice of this representation is shown in Figure [4.8

Figure 4.8: Submodule lattice for a 36-dimensional representation.

Non-binary codes from representation of degree 27

For M5, we aim to find linear codes of length 27 over IF,, where ¢ is a prime divisor
of |G|. The method presented here is applicable for constructing non-binary codes.
Specifically, we focus on finding codes of length 27 over Fs.

In the field F3, the permutation module of degree 27 decomposes into submodules with
dimensions 0, 1,6, 7,20, 21, 26, and 27.

According to Theorem [2.3.2] it is sufficient to identify codes with the specified di-
mensions. As a result, there are 4 non-trivial ternary codes that have PSp,(3) as a
primitive permutation group. We have already determined the lengths and dimensions
of these ternary codes, and the next step is to calculate their minimum distances in

order to fully define the codes. Using MAGMA, we find the following non-trivial codes:
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L ;7,1 = [27a 6, 12] 3. ;7,3 = [27, 20, 4]
2' 57,2 = [277 7’ 11] 4 ;774 - [27, 217 3]

Proposition 4.3.15. 1. A code C3; | has a dual code C3; 4, and they have minimum

distances 12 and 3, respectively. Moreover, Cs,, < C3, .

2. A code C3; 4 has a dual code C3; 5, and they have minimum distances 11 and 4,

respectively. Moreover, Cg; 5 < C; 5.
Proof. Same proof as Proposition [4.3.5] n

The submodule lattice of this representation as shown in Figure 4.9.

Figure 4.9: Submodule lattice for a 27-dimensional representation

4.3.6 Conclusion

The primary aim of constructing codes from the group PSp4(3) was to explore the sym-
metries and structural properties of these codes within the framework of combinatorial
designs and group theory. By leveraging the projective symplectic group PSpy(3),
we were able to construct error-correcting codes that exhibit robust algebraic proper-
ties, such as invariance under the group action. These constructions not only deepen
our understanding of the interaction between group actions and coding theory but
also reveal the potential for applying these codes to various practical areas, including

cryptography and communication systems.
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Furthermore, the investigation into lattices provided valuable insights into the geomet-
ric structures associated with the codes, particularly in how these lattices reflect the
symmetries of the group PSp4(3) The lattice theory approach helped in understanding
the modular relationships between different code structures and their representation
within a lattice framework. This comprehensive approach has the potential to in-
form the development of new coding schemes and combinatorial designs, contributing
to both theoretical advancements and practical applications in fields reliant on error
correction and information security.

In summary, the construction of codes from PSp,(3) and their connection to lattice
theory not only fulfills the theoretical objectives but also paves the way for future

research in the application of symmetries and group actions in coding theory.
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