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ABSTRACT 

This study explored the intra-mathematical connections that Grade 11 learners make 

when solving trigonometric equations. The study was conducted in a high school in 

Mankweng Circuit. A qualitative case study design was used in this study to describe 

intra-mathematical connections and meaning learners made when solving 

trigonometric equations. Data were collected through observations, documents and 

interviews. During the lessons I was a participant observer, meanwhile documents 

accessed were in the form of activities and test. Interviews were semi-structured which 

allowed me to get more information about the intra-mathematical connections learners 

made and how they affected them when solving trigonometric equations. Data were 

analysed thematically. The findings showed that learners made intra-mathematical 

connections of procedural, different representations, part-whole and meaning type. It 

was also found that the type of intra-mathematical connections learners made in their 

solution process allowed most of them to follow appropriate procedures, for 

visualisation of the trigonometric equations and determine solutions as angles in 

specific intervals. Therefore, the study recommends that the understanding of 

mathematical concepts can be developed through the skill of making mathematical 

connections which are highlighted by a network of nodes and links represented by 

mathematical topics and concepts.   
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CHAPTER 1 

INTRODUCTION 

1.1. Introduction and background 

According to the South African Department of Basic Education (DBE)’s Curriculum 

and Assessment Policy Statement (CAPS), mathematics helps to develop mental 

processes that enhance logical and critical thinking (DBE, 2011). The curriculum aims 

to produce learners that can use mathematical process skills to identify and solve 

problems creatively and critically (DBE, 2011). Mathematical process skills are defined 

as learners’ abilities to use mathematical concepts to solve problems in a mathematics 

task (Kaosa-ard, Erawan, Damrongpanit & Suksawang, 2015). In the mathematics 

teaching and learning framework of South Africa it is affirmed that characteristics of 

learning mathematics involve problem solving, reasoning mathematical solutions, 

communicating mathematics, connecting topics and concepts and connecting 

representations (DBE, 2018). It is also noted in the National Council of Mathematics 

Teachers (NCTM) that the ability to learn mathematics includes mathematical process 

skills which are mathematical problem solving, reasoning and proof, communication, 

representations and mathematical connections (NCTM, 2000). In this study the focus 

will be on mathematical connection abilities, specifically when solving trigonometric 

equations.   

Trigonometry is one of the topics in the Further Education and Training (FET) phase 

in the South African mathematics curriculum. It is considered as one of the most 

difficult topics by FET phase learners (Aminudin, Nusantara, Parta, Rahardjo, As’ari & 

Subanji, 2019). Based on this view, only a few learners have been observed to like 

and succeed in trigonometry, whereas many learners dislike and struggle in 

trigonometry (Usman and Hussaini, 2017; Gyan, Ayiku, Atteh & Adams, 2021). In 

addition, learners perceive trigonometry as an abstract topic (Ernaningsih & Wicasari, 

2017). Mensah (2017) found out that many learners have partial understanding of the 

concepts of trigonometry. The partial and poor understanding of mathematical 

concepts, results in learners’ difficulties in making intra-mathematical connections 

(Jailani, Retnawati, Apino & Santoso, 2020). The National Diagnostic Report reveals 

that the poor understanding of concepts in trigonometry originates learners’ inability to 

apply prior knowledge and skills (DBE, 2020 & 2021). This implies that learners are 

unable to connect trigonometric concepts with what was taught in the previous grade. 
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According to Ernaningsih and Wicasari (2017), this challenge emanates from learners’ 

inability to make mathematical connections between mathematical topics and 

trigonometry itself. Consequently, trigonometry remains one of the most paramount 

topics whose knowledge needs to be strengthened through mathematical 

connections. 

Mathematical connections are regarded as the core skills in the mathematics 

curriculum (Mwakapenda, 2008). The mathematics curriculum includes making 

significant connections as an ability in mathematics (DBE, 2011). Mathematical 

connection is described as the ability to make relations between concepts within 

mathematics, mathematical concepts and other disciplines as well as mathematical 

concepts and everyday life (Yulian & Hayati, 2019).  Relations that exist between 

mathematics and the everyday life are referred to as extra-mathematical connections 

(Quiros, 2016). The relations between mathematical concepts and other subjects are 

referred to as inter-mathematical connections (Quiros,2016). Whereas, the relations 

within mathematics, in which already known mathematical concepts are linked to other 

new mathematical concepts are called intra-mathematical connections (Quiros, 2016). 

For example, solving trigonometric equation of form 2𝑐𝑜𝑠2𝑥 − 𝑠𝑖𝑛𝑥 − 1 = 0 

algebraically is related to quadratic equations as well as other topics within 

mathematics. This is demonstrated when the concept of Pythagorean identity from a 

trigonometry topic of form 𝑐𝑜𝑠2𝑥 = 1 − 𝑠𝑖𝑛2𝑥 is hidden and required to be identified 

and applied in which 𝑐𝑜𝑠2𝑥 is substituted by 1 − 𝑠𝑖𝑛2𝑥. In the process of solving such 

equations, apply factorisation from algebra topic to equation as one would with 

quadratic algebraic equation, apply the zero product property, inverse of trigonometric 

functions and quadrants of a cast diagram in determining solutions of the equation. 

Therefore, this is an example of intra-mathematical connections within trigonometry.  

In this study, I have explored intra-mathematical connections as a skill that learners 

must possess as they solve trigonometric equations in mathematics. Learners are 

expected to connect concepts within mathematics during problem solving (DBE 2011; 

Yosopranata, Zaenuri & Mashuri, 2018). According to Usman and Hussaini (2017), 

the ability of further learning in mathematics depends significantly on intra-

mathematical connections and knowledge of fundamental mathematical concepts. As 

such, learners’ understanding of concepts depends on the intra-mathematical 

connections they make during teaching and learning process (Putri & Wutsqa, 2019). 
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NCTM (2000) clearly outlines that intra-mathematical connections skills help learners 

to link concepts and ideas in mathematics which allow lifelong and deep mathematical 

understanding and to view mathematics as a coherent whole. They are also essential 

in improving learners’ mental skills including recalling and understanding the 

application of concepts, in this case trigonometry in different contexts (Menanti, Sinaga 

& Hasratuddin, 2018). Thus, learners who lack this ability learn trigonometry concepts 

in isolation, as such they find it meaningless and difficult.  

Hafiz, Kadir and Fatra (2016) indicate that learners still struggle in making intra-

mathematical connections in trigonometry. It is clear that learners acquire 

mathematical topics individually. They think of the trigonometry topic as new and free 

from previously taught concepts, since after being taught or learning such notions, 

they are still unable to create mathematical connections (Hafiz et al., 2016).  Arjudin, 

Sutawidjaja, Irawan, and Sa'dijah (2016) found that learners commit conceptual and 

procedural errors when trying to make connections during the mathematical problem 

solving process. However, in mathematics, it is important to establish intra-

mathematical connections to relate concepts and procedures. Therefore, in this study 

the intra-mathematical connections which learners make when solving trigonometric 

equations, where learners relate mathematical ideas and concepts have been 

explored.  

Trigonometric equations are still perceived difficult to solve, poorly understood and 

learners do not perform well in them (DBE, 2018, 2019). In his study, Chigonga (2016) 

revealed that learners struggle with solving trigonometric equations that are 

conditional. He states that some learners fail to identify relevant quadrants and others 

do not consider the issue of quadrants and therefore find only one solution for the 

equation. Moreover, they do not check the validity of the solutions (Chigonga, 2016).  

However, as part of mathematics learning, it is stated by CAPS that learners should 

be able to solve trigonometric equations and determine solutions in specific intervals 

(DBE, 2011). The National Diagnostic Report revealed that the challenge with most 

learners is that they could not link and relate mathematical concepts when solving 

trigonometric equations (DBE, 2019). Solving trigonometric equations require to link 

knowledge of topics such as algebra and trigonometry and the concepts within the 

topics. Concepts in algebra includes the skills of factorisation, taking out the common 

factor, using the quadratic formula, additive inverse, zero-product property and 
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interpretation of graphs. In trigonometry the concepts include identities, such as 

Pythagorean identity and quotient identity, co-functions, trigonometric function 

reciprocals and knowledge of quadrants in the CAST diagram. For example, the 

trigonometric equations of form 2𝑠𝑖𝑛𝑥 − 𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 = 0 for 0° ≤ 𝑥 ≤ 360° require 

identifying and applying concepts connected to the equation as: 

 2𝑠𝑖𝑛2𝑥 − 𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 = 0 

𝑠𝑖𝑛𝑥(2𝑠𝑖𝑛𝑥 − 𝑐𝑜𝑠𝑥) = 0 (Identifying the equation as quadratic and factorising by taking 

out the common factor) 

𝑠𝑖𝑛𝑥 = 0 or 2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 = 0 (Zero-product property) 

Solving the equation separately starting with 𝑠𝑖𝑛𝑥 = 0 

ref ∠ = 𝑠𝑖𝑛−1(0) = 0°  (Finding the reference angle) 

Recognizing 1st and 2nd quadrants of a CAST diagram in which sine function is positive  

In 1st quadrant 𝑥 = 0° 

                        𝑥 = 360° + 0° = 360° 

In 2nd quadrant 𝑥 = 180° − 0° = 180° 

Further solving the equation of 2𝑠𝑖𝑛𝑥 − 𝑐𝑜𝑠𝑥 = 0 

2𝑠𝑖𝑛𝑥 = 𝑐𝑜𝑠𝑥 (additive inverse of 𝑐𝑜𝑠𝑥) 

2𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
=

𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥
   (Divison by 𝑐𝑜𝑠𝑥) 

2𝑡𝑎𝑛𝑥 = 1 (tangent quotient identity) 

 𝑡𝑎𝑛𝑥 =
1

2
 

ref ∠ = 𝑡𝑎𝑛−1(
1

2
) 

          = 26,57° (Reference angle) 

Recognizing 1st and 3rd quadrants of a CAST diagram in which the tangent function is 

positive  

In 1st quadrant 𝑥 = 26, 57° 
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In 3rd quadrant 𝑥 = 180° + 26,57° = 206,57° 

Solutions in the given interval for the equation are  

∴ 𝑥 = 0°;  26,57°;  180°;  206,57°;  360° 

The steps taken to solve the trigonometric equation show the intra-mathematical 

connections created by learners. The equation makes use of concepts from both the 

trigonometric and algebraic topics. Thus, learners who are unable to relate their prior 

learning to algebra and trigonometric equations will not be able to solve trigonometric 

equations. 

Kristayulita, Nusantara, As’ari, and Sa’dijah (2018) indicated that learners lack 

mathematical connection skills when solving trigonometric equations. For example, 

learners do not know what concepts they can use to solve trigonometric equations. In 

the National Diagnostic Report, it is revealed that integration of mathematical topics is 

still a challenge and that learners are required to use knowledge learnt from other 

concepts to master new concepts (DBE, 2020; 2021).  

According to Kristayulita, Nusantara, As'ari, and Sa'dijah (2018), learners struggle to 

make mathematical connections when solving trigonometric equations, for instance, 

they are unsure of the concepts they can utilize. According to the National Diagnostic 

Report, it is still difficult to integrate mathematical topics. Learners must be able to 

apply what they have learned in previous topics and use those ideas to learn the new 

acquired ones (DBE, 2020; 2021). However, learners have not been able to recognise 

that they need to use concept of the quadratic formula or factorisation when solving 

quadratic trigonometric equations (DBE, 2017; 2021). Rohimah and Prabawanto 

(2020) found that learners struggle with identifying the type of equation, factorising the 

form of trigonometric quadratic equation, and using trigonometric identities. 

Burhanzade and Aygor (2015) and Kristayulita et al (2018) have drawn our attention 

to leaners’ difficulties of their inability to recognise when to factorise through 

application of identities and other concepts upon solving the trigonometric equation 

problems and often apply incorrect identities in simplifying the problem. The report 

reveals that learners are also not able to recognise Pythagorean identity applied in the 

trigonometric equation and the poor knowledge of identities hinders their opportunities 

of finding solutions for trigonometric equations (DBE, 2020). Hence, such challenges 

come from learners’ lack of understanding the foundational concepts and skills in 
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mathematics, particularly lack of intra-mathematical connections which the study aims 

to explore.  

In the contexts of the above arguments, I felt that it is important to research on intra-

mathematical connections for solving trigonometric equations to help develop 

learners’ ability to see how mathematical ideas and concepts build on each other to 

make a unified whole and allow for long term understanding. As indicated above, 

learners still have difficulties in making intra-mathematical connections and that 

learners learn mathematical concepts separately as they fail to make mathematical 

connections although they would have been previously taught such concepts in the 

lower grades (Hafiz et al., 2016). Thus, as a mathematics teacher, I realised that 

solving trigonometric equations in isolation impacts negatively on the learning of new 

concepts in higher grades, which leads to poor academic performance. For example, 

learning concepts such as factorisation in algebra and, identities in isolation could lead 

to a foundation that is poor in the learning of trigonometric equations. As such, learners 

should understand and retain more concepts prior to learning the concept of 

trigonometric equations and recognise and connect concepts in mathematics.   

Learning mathematics requires learners to master requisite concepts which form the 

foundation for understanding and grasping new concepts (Putri & Wutsqa, 2019). 

Pambudi et al (2020) added that learning mathematics becomes easier if, learners are 

able to make connections between different mathematical ideas such as concepts, 

procedures and representations in the form of verbal, formulas, equations and graphs. 

Thus, this study intended to explore intra-mathematical connections that learners 

make when solving trigonometric equations. The study aimed to identify the type of 

intra-mathematical connections that learners make when solving trigonometric 

equations as well as how the intra-mathematical connections efficacy affect their 

solution processes. As such, if the study is not conducted, the skill of intra-

mathematical connections may not be built and developed in learning of trigonometric 

equations in the topic of trigonometry thus may continue being perceived as an 

abstract and separate from other concepts. It can also continue to contribute to lack 

of mathematical understanding and poor performance in mathematics curriculum. 
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1.2. Problem statement  

Solving trigonometric equations requires learners to make intra-mathematical 

connections (Mhlolo, 2012). Intra-mathematical connections are relations between 

topics or concepts in mathematics (Yulian & Hayati, 2019). According to CAPS, 

learners should be able to make significant connections among different mathematical 

concepts (DBE, 2011). The connections among concepts in mathematics allow 

learners to build new knowledge by relating to previously acquired concepts and 

provide lasting and deep understanding of mathematical concepts (Quiros, 2016; 

Siregar & Siagian, 2019).  In order to solve trigonometric equations learners should 

understand the problem, find the strategy to solve the problem, make connections, 

implement strategies and reflect on the problem (Atteh, Andam & Denteh, 2017).  

In view of the above, solving trigonometric equations needs learners to make 

connections of concepts within trigonometry and from other mathematical topics. 

However, the National Diagnostic Reports (DBE, 2018, 2019; 2020; 2021) state that 

learners have difficulties in connecting trigonometric concepts to other topics. They 

perceive trigonometric related concepts as abstract, firm and isolated from other 

mathematical concepts (Nabie et al., 2018). Montes, Ribeiro, Carrillo and Kilpatrick 

(2016) noted that learners fail to develop intra-mathematical connections and resort to 

treating trigonometric concepts in isolation due to the abstract nature of the topic. 

Therefore, this study proposed to explore intra-mathematical connections that grade 

11 learners make when solving trigonometric equations.   

1.3. Purpose of the study  

The purpose of this study was to explore intra-mathematical connections that Grade 

11 learners make when solving trigonometric equations. 

1.4. Research questions  

The following research questions guided the study:  

 What intra-mathematical connections do Grade 11 learners make when 

solving trigonometric equations? 

 How do learners’ intra-mathematical connections efficacy affect their solution 

processes when solving trigonometric equations? 
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1.5. Significance of the study 

This study has prospects of adding significant literature on intra-mathematical 

connections for solving trigonometric equations which is perceived as a challenge 

mathematics learners encounter in the discipline. It adds to literature that intra-

mathematical connections impact learners in solving trigonometric equations and their 

understanding of solving trigonometric equations through a network of mathematical 

concepts in mathematics education. It intends to identify the intra-mathematical 

connections learners make and prerequisite knowledge that learners need to have 

when solving trigonometric equations. The study aims to shed light on how the 

learners’ intra-mathematical connections efficacy affects their solution processes. The 

study also aims to develop learners’ understanding of relationships among 

mathematical concepts and procedures of trigonometry itself and other topics in 

mathematics. Thus, it makes it necessary for learners to comprehend that 

trigonometry must be studied in conjunction with other mathematical topics rather than 

in isolation (Yumiati & Haji, 2018). The study benefits learners because it enhances 

their ability to mentally connect earlier understanding to new mathematical concepts 

(Menanti et al., 2018; Siregar & Siagian, 2019). Furthermore, it intends to help learners 

to understand the link between concepts where prior understanding of concepts 

provides baseline knowledge that enables learners to understand the subsequent 

concepts in mathematics (Siregar & Siagian, 2019). The study also, intends to provide 

a view for mathematics teachers to teach intra-mathematical connections skills to 

improve the teaching and learning of mathematics, consequently providing a lifelong 

and deep understanding of mathematics (NCTM, 2000). Teachers may be encouraged 

to become reflective on how they teach mathematics, thereby doing their work 

effectively and in a more robust way. Moreover, the study findings could aid 

mathematics curriculum advisors to stress intra-mathematical connections as a core 

and fundamental skill in mathematics to enhance the in-depth understanding of 

mathematics and contribute to the Department of Basic Education in improvement of 

mathematics performance.  

1.6. Overview of the study  

Chapter 1 introduces the study. It starts by providing the background and introduction 

to the study, bringing to light the challenges learners face in learning mathematics with 

lack of mathematical connections as a basic skill and necessity of making connections, 
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in the mathematics discipline. It further discusses the problem statement, purpose of 

the study, research questions and significance of the study.  

Chapter 2 focuses on the literature review relevant to the study. It is divided into 

subtopics in relation to intra-mathematical connections and solving trigonometric 

equations in the study.  It also discusses the network theory as the framework that 

guided the study. The framework provides a discussion for connecting mathematical 

ideas and concepts as a network.  

Chapter 3 outlines the research methodology in detail. This includes the research 

approach employed by the study, research design, sampling, methods of collecting 

data and data analysis. The issues of credibility, dependability and transferability as 

quality criteria as well as the ethical considerations are discussed in chapter 3.  

Chapter 4 presents data analyses concerning the type of intra-mathematical 

connections learners make when solving trigonometric equations. It focused on 

presentation and interpretation of the study findings.  

Chapter 5 provides the conclusion and recommendations of the study. This section 

also reflects on the research questions raised in chapter one of this study.   

1.7. Summary of the chapter 

This chapter provided the background to the study. This was followed by the problem 

statement, purpose of the study, research questions and the significance of the study. 

A brief summation of the chapters of the study was also given.  Lastly, the chapter 

presents a summary of the study. The next chapter presents the literature review and 

theoretical framework of the study. 
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CHAPTER 2 

LITERATURE REVIEW 

2.1. Introduction  

This chapter discusses the literature on the mathematical methods described by the 

National Council of Mathematic Teachers [NCTM], (2000). The literature emphasizes 

mathematical connections as fundamental mathematical skills that must be cultivated. 

It examines how these connections can be used to teach mathematics. Indicators of 

connection abilities in mathematics are discussed in the literature along with the 

significance of and uses for intra-mathematical connections. The literature on learners' 

challenges in connecting mathematical concepts and topics is covered in this section. 

The literature looks at the nature of trigonometry and provides more insights on why 

learners fail to make connections in the mathematical concept of trigonometric 

equations. In addition, the literature discusses teaching and learning strategies 

endorsed by researchers for learning mathematical connections as a skill. This is 

important because it has a bearing on improving learners’ understanding of 

connections between concepts in mathematics. Lastly, the chapter discusses the 

theoretical framework that guided this study. 

2.2. Mathematical processes 

Mathematical processes can be seen as the processes through which all learners 

acquire and apply mathematical knowledge, concepts and skills. These processes are 

interconnected. Mathematics is a collection of interrelated mathematical concepts, 

topics, ideas and processes that build and strengthen one another (Erbilgin, 2017). 

Mathematics learning comprises five process standards which includes problem 

solving, reasoning and proof, communication, representation and connection (NCTM, 

2000). According to NCTM (2000), learners should develop these processes which 

are basic competencies in the learning of mathematics. Mathematical processes are 

needed to develop learners’ cognitive skills and to improve learners’ personality 

(Afrizal & Dachlan, 2017).  

Problem solving is a mathematical process referred to as higher-order thinking ability 

in which learners are engaged in different cognitive activities such as accessing and 

using learnt knowledge (Kramarski, 2009). Hendriana, Johanto and Sumarmo (2018) 

define problem solving as a mathematical process in which learners use their owned 

knowledge or understanding for solving problems. In line with this, when learners solve 
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trigonometric equations they need to recognise and apply learnt mathematical 

knowledge in which the connection is viewed as intra-mathematical. As such, making 

connections through problem solving can help learners improve their understanding 

of concepts. 

The mathematical reasoning and proof is defined as a mathematical process where 

mathematics is viewed as a meaningful and logical discipline (Erbilgin, 2017). 

Mathematical reasoning is a process involving thinking and justifying where knowledge 

is acquired using definitions and relations to mathematics (Erdem & Soylu, 2017). It is 

further viewed as a process in which learners use their mathematical ideas and 

concepts that are already known in finding solutions (Hasanah, Tafrilyanto, & Aini, 

2019). Finding solutions for trigonometric equations involves reasoning one’s solutions 

through intra-mathematical connections whereby learners make relations amongst 

mathematical concepts. Therefore, mathematical reasoning allows communication of 

mathematics verbally and in writing.  

Mathematical communication is the standard process in which mathematical ideas and 

understandings of concepts are conveyed and shared verbally and through writing 

using numbers, words, diagrams, graphs, and symbols (Habsah, 2017). Ernaningsih 

and Wicasari (2017) maintain that the communication standard process is essential 

when learners are involved in discussions where they share ideas and ask questions 

among themselves and cooperate to help each other to acquire rich mathematical 

understanding. Erbilgin (2017) acknowledges that mathematical communication 

fosters sharing of various perceptions for deep learning of mathematical concepts. 

Regarding this, learners when solving trigonometric equations may express their 

solutions in writing using graphs or numbers and algebraic symbols connected within 

mathematics. 

Mathematical representation is a standard process in which mathematical ideas are 

expressed in different forms which include equations, graphs, tables and words 

(Erbilgin, 2017). The use of different representations has an important role in 

mathematics learning more specifically in helping to understand and interpret 

mathematical concepts (Rahmawati, Purwantoa, Subanjia, Hidayantoa & Anwarb, 

2017). Representation ability is a way that students use to communicate concepts and 

ideas, or respond to the problem (Ernaningsih & Wicasari,2017). The mathematical 
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representations support learners to interpret mathematical concepts in solving a 

problem using different forms (Masrukan & MKhairunnisa, 2020). In view of that, intra-

mathematical connections are made when solving the trigonometric equations 

algebraically and the equations can be interpreted better when solved graphically.  

Mathematical connection is referred to as a process that enables a person to link 

concepts or procedures within mathematics, to make relations between mathematics 

and other disciplines and between mathematics with the real world (Menanti et al., 

2018). Alabdulaziz and Alhammadi (2021) also referred to mathematical connection 

as a process whereby learners make relations of existing concepts such as, algebra, 

functions, trigonometry and so forth, rules and mathematical ideas to new ones such 

as trigonometric equations in this case. Mathematical connections are believed to be 

the best standard process in developing the ability of learners to think and solve 

trigonometric equations problems (Al-Saidi as cited in Alabdulaziz & Alhammadi, 

2021). Solving problems of trigonometric equations requires learners to think of 

existing mathematical concepts and ideas in relation to the equations in order to 

finding solutions and make intra-mathematical connections. Mathematical connections 

are therefore intended to develop the learners to perceive mathematics as an 

integrated whole. Through making connections, learners learn that mathematics is 

more than a series of isolated skills and concepts and that they can use their learning 

in one area of mathematics to understand another. Seeing the relationships among 

procedures and concepts also helps develop mathematical understanding. The more 

connections learners make, the deeper their understanding, which in turn, helps them 

to develop their sense of identity. In addition, making connections between the 

mathematics they learn at school and its applications in their everyday lives not only 

helps learners understand mathematics but also allows them to understand how useful 

and relevant it is in the world beyond the classroom. These kinds of connections also 

contribute to building learners’ mathematical identities.  

Therefore, concerning the mathematical processes, CAPS puts emphasis on leaners’ 

development to solve problems, justify their thinking, communicate ideas, make 

connections and representations (DBE, 2011). Making connections between different 

representations is important because demonstrating a concept using different 

representations helps in understanding the concept better and improves the network 

of the concept in mind (Bingolbali & Coskun, 2016). When solving trigonometric 
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equations, learners should connect representations and see the representations as 

one and not separated entities. In line with this, learners’ reasoning towards their 

solution process of the trigonometric equations is communicated through connections 

of mathematical ideas and learnt concepts.  

2.3. Mathematical connections  

Mathematical connections play a very significant part as a basic skill that enable 

learners to create relations between mathematical ideas and between the new 

knowledge and past knowledge (Rodriguez-Nieto, Rodriguez-Vasquez & Garcia-

Garcia, 2021). It is one of the most critical competencies that learners should have 

because it helps them to link concepts and ideas between topics in mathematics which 

deepens mathematical understanding, allowing it to last longer and viewing 

mathematics as a coherent whole (NCTM, 2000; Apipah, Kartono & Isnarto, 2018). 

Accordingly, Arjudin et al (2016) describe mathematical connection as part of the 

network structured like a web, with nodes as part of represented information and 

threads between them as connections. Pambudi (2020) explains the learners’ 

mathematical connection as a group of ideas that are linked in the mental network of 

a learner, in which the number of ideas or concepts and their correctness influences 

or form a strong network.  

Mathematical connections consist of three types namely, the intra-mathematical 

connections, inter-mathematical connections and extra-mathematical connections. 

Intra-mathematical connection relates mathematics concepts among themselves, that 

is, links from learnt mathematical topics or concepts to other mathematical topics, also 

recognised as connections between mathematical representations, procedures and 

theorems (Dolores-Flores & Garcia-Garcia, 2019). Extra-mathematical connections 

are relations that exist between mathematics and the everyday life, whereas inter-

mathematical connections are links between the mathematical concepts and other 

subjects (Quiros, 2016; Siregar & Surya, 2017). Therefore, mathematics curriculum is 

perceived as a collection of separate topics that are learnt separately (Siregar & Surya, 

2017). In view of that, intra-mathematical connections are one type of mathematical 

connections that need to be considered for mathematics to be seen as unified.  

Afrizal and Dachlan (2017) mentioned that if learners cannot make connections 

between concepts within mathematics, they may experience a difficulty in learning 

mathematics itself and in the long run this may become an obstacle for further learning. 
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This study’s focus is on mathematical connections between mathematics concepts 

themselves (intra-mathematical connections). As suggested by Garcia-Garcia and 

Dolores-Flores (2020), it is significant to continue exploring the intra-mathematical 

connections learners make, to develop learners’ ability to make mathematical 

connections for improvement of their mathematical understanding (Garcia-Garcia & 

Dolores-Flores, 2019). Trubridge and Graham (2017) also acknowledged that learners 

understanding of mathematics can be developed through exploration of connections 

between concepts. Exploring mathematical connections between concepts is 

expected to enhance learners’ positive attitude towards mathematics. This helps to 

enable their perceptions and thoughts in mathematics to become more open rather 

than putting their focus on mathematical topics or concepts only (Tasni, Nusantara, 

Hidayanto, Sisworo, Susanti & Subanji, 2018). 

According to Garcia-Garcia and Dolores-Flores (2020) and Rodriguez-Nieto, 

Rodriguez-Vasquez and Garcia-Garcia (2021), types of intra-mathematical 

connections include procedural connections, different representation, part-whole 

connections, feature connections and meaning connections. They describe these 

intra-mathematical connections as follows:  

a) Procedural connections take place when rules and formulas are used to arrive 

at results or to complete a given mathematical task. For example, a learner who 

uses these connections when solving trigonometric equations uses rules and 

processes of algebra. This also includes, formulas such as  𝑥 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
 in 

quadratic trigonometric equations. 

b) Different representation connections are mathematical connections that can be 

equivalent or alternate. Mathematical connections are alternate when a learner 

represents a mathematical concept of two different approaches in different 

states of representation such as algebraic to graphical, while equivalent 

representation involves a change within the same presentation such as from 

algebraic to algebraic. For example 𝑡𝑎𝑛𝑥 and 
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
  and 𝑐𝑜𝑠2𝑥 = 1 − 𝑠𝑖𝑛2𝑥 and 

𝑠𝑖𝑛2𝑥 = 1 − 𝑐𝑜𝑠2𝑥 are equivalent representations. 

c) Part- whole connections are connections that arise when a learner identifies 

that A is a generalization of B where B is a case of A. For example,  a quadratic  
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trigonometric equations of 2𝑐𝑜𝑠2𝑥 + 𝑐𝑜𝑠𝑥 − 1 = 0  is a case of 𝑎𝑥2 + 𝑏𝑥 + 𝑐 =

0. Likewise 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0  is the generalization of 2𝑐𝑜𝑠2𝑥 + 𝑐𝑜𝑠𝑥 − 1. 

d) Feature connections are connections recognised when learners describe 

characteristics of the concepts or their properties in terms of other concepts that 

make them different or similar to others. 

e) Meaning connections are connections displayed when learners link a meaning 

to a mathematical concept as well as, how they interpret the concepts which is 

what the concept mean according to them. Regarding this, learners 

communicate the meaning of mathematical concepts as well as the definitions 

they built for the concept.  

The use of connections helps learners to make mathematical ideas and concepts 

concrete, developing perception of mathematics curriculum as a unified whole (Noto 

et al., 2016). The connection between concepts or topics provides relevant evidence 

to understand the types of mathematical connections learners are capable of making 

(Garcia-Garcia & Dolores-Flores, 2019). Therefore, connections among mathematical 

concepts can allow understanding, broaden learners’ mathematics views and facilitate 

high achievements in mathematics (NCTM, 2000).   

2.4. Learning to make mathematical connections 

Mathematical connections are very crucial for mathematics learning and for 

conceptual understanding (Siregar & Surya, 2017; Yumiati and Haji, 2018). Making 

mathematical connection is an alternative way in which learners form mathematical 

concepts or ideas into understandable systems (Nurvita, Sinaga, Mukhtar, 2019). 

Linking mathematical ideas is a mental process that comprises identifying and building 

connections between mathematical ideas (Saleh, Purwanto, Sudirman, Hidayanto, & 

Susiswo, 2018). However, studies on mathematical connections of specific topics are 

still lacking (Yumiati & Haji, 2018). There is dearth in such research, although some 

studies have focused on learners’ efficacy to make mathematical connections 

(Schroeder, 1993; Jingga, Mardiyana &Triyanto, 2019). In addition, studies on 

mathematical connections available in the literature mostly explored connections that 

teachers or pre-service teachers make (Garcia-Garcia & Dolores-Flores, 2019).    

The ability to make mathematical connections expands the cognitive skills which 

includes recalling or remembering concepts in mathematics (Kenedi et al., 2019). It 

reduces cognitive load as learners are not under pressure to memorise concepts that 
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they have acquired in mathematics (Trihatun & Jailani, 2019). Likewise, learners can 

gain from mathematical connections when solving problems where they do not rely on 

their own memory only to recall many concepts and procedures learnt (Hung & Lin, 

2015). Furthermore, mathematical connections enable learners to understand how 

mathematics concepts are related to make a whole, hence help learners to understand 

mathematics as integrated (Nurvita et al., 2019). Therefore, it is essential for learners 

to make intra-mathematical connections.  

Intra-mathematical connections allow learners to make links amongst mathematical 

concepts to build a network of connected concepts (Ndiung & Nendi, 2018). By doing 

this, the mathematical concepts that have been taught previously provide a robust 

base in understanding new concept (Mehmetlioglu & Ozdem, 2014). Conversely, in 

learning mathematics, the prior concepts are prerequisite as they are baseline and 

need to be mastered completely to understand the subsequent concepts hence the 

ability of mathematical connection is required to be learnt in schools (Selvianiresa & 

Prabawanto, 2017). Learners are expected to describe the connection between learnt 

concepts and new concepts, use relevant concepts and mathematical ideas to solve 

a problem (Kenedi et al., 2019). The connection of learnt concepts to new concepts 

makes mathematics to be meaningful (Ernaningsih & Wicasari, 2017). Notably the 

mathematical connection ability has a positive impact on learners’ achievement in 

mathematics assessments. Thus, achievement level in mathematics depends on 

mathematical connections that learners can make (Ndiung & Nendi, 2018). Learners’ 

low ability in mathematical connection makes them to lack interest in learning 

mathematics (Kenedi et al., 2019). Moreover, the learners’ low ability in mathematical 

connections affects their learning quality and causes low mathematics learning 

achievement (Apipah et al., 2018; Astuti, Mariani & Mulyono, 2019).  

The NCTM (2000) says that mathematical connection ability is indicated by 

recognising and using connections between concepts in mathematics and 

understanding how concepts in mathematics link with each other to be a whole. 

Siregar and Surya (2017) describe the indicators of mathematical connection ability 

as follows:  

o Looking for relationship from different representations of mathematic concepts 

and procedures  
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o Understanding linkages between topics in mathematics  

o Understanding the equivalent representation of concepts 

Hodgson (1995) contends that the connection between mathematical concepts exists 

in the mind of the learners and, that they make use of their minds when making 

linkages between the concepts and equivalent representations. The cognitive process 

in the learners’ minds to link mathematics concepts or ideas is explained as a network 

(Pambudi, Budayasa, Lukito, 2018). Learners try to use their prior knowledge or learnt 

concepts to make sense of the mathematical concept presented to them (Garcia-

Garcia & Dolores-Flores, 2019). As such, the ability of learners to understand the 

concepts is not only to recall the concepts learnt but to communicate the concepts 

again in other forms which is simple to understand and giving interpretation or 

understanding of the knowledge (Istihapsari as cited in Kenedi et al., 2019). Pambudi 

et al (2018), conclude that mathematical connection can be perceived as a cognitive 

process relating mathematical concepts or ideas in learners’ minds built from the 

connections of different mathematical ideas in solving problems within mathematics 

itself. Hence, a means to improve learning in mathematics is to find and make 

connections among concepts and ideas (Ndiung & Nendi, 2018). As such, learning of 

mathematics becomes simpler for learners to comprehend through the mathematical 

connections (Nurvita et al., 2019).  

2.5. Difficulties related to making mathematical connections  

According to Tasni et al (2018), there are no concepts in mathematics that are not 

linked and connected to other concepts. Learners are required to acquire higher order 

thinking skills such as the ability to make mathematical connections between concepts 

in the mathematics education (Handayani, Herman, Fatimah & Setyowidodo, 2019). 

According to Kenedi et al. (2019), mathematical connection ability develops when 

learners relate newly learnt mathematical concepts to previous ones. However, Nur, 

Rohaeti and Maya (2018) noted that learners have low ability in making the 

connections between mathematics concepts and topics. This problem is still prevailing 

amongst learners in the FET phase.  

The difficulty that learners experience when learning mathematics and the low 

mathematical connection ability is caused by memorising mathematical concepts 

(Hafiz et al., 2016) and learning them as isolated from other mathematical concepts 

(Nabie et al., 2018). The other challenge is that learners do not understand 
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mathematical concepts that have been taught before or from previous grades as such 

they are unable to relate the taught mathematical concepts to the new ones (Hafiz et 

al., 2016). Moreover, Yulianto, Rochmad and Dwidayati (2020) mentions that the 

difficulties in learning mathematics are related to remembering concepts, 

understanding concepts, applying concepts and procedures. 

According to Garcia-Garcia and Dolores-Flores (2018), learners mostly experience 

difficulties such as lack of conceptual understanding and difficulty in working with 

algebra when making mathematical connections.  Learners make mistakes when 

connecting procedural and conceptual knowledge in making mathematical 

connections (Arjudin et al., 2016). They also experience challenges of connecting 

between concepts and working with mathematical operations in solving mathematical 

problems (Jailani et al., 2020). Their challenge in solving mathematical problems is 

prompted by aspects such as concepts, determining concepts that may be applied 

and working out the problem (Sarkam, Sujadi & Subanti, 2019). 

Learners’ mathematical connection ability is still a prerequisite to enable learners to 

perceive mathematics as a whole instead of seeing mathematics as a collection of 

disconnected concepts (Hasbi, Lukito, Sulaiman & Muzaini, 2019). The ability to make 

mathematical connections is required to provide meaning for learning mathematics 

(Trubridge and Graham, 2017). Berry and Nyman (2003) believe that being able to 

make connections between mathematical concepts shows mathematical 

understanding and, learners who have mathematical understanding can be able to 

make connections between concepts or topics, theorems and ideas. Therefore, when 

learners make connections, they understand likewise when they understand means 

they can make connections (Siregar & Surya, 2017).   

2.6. Connections for trigonometric equations   

Trigonometry is one of the abstract and challenging topics in mathematics which 

involves integration of algebraic, geometric and graphical thinking (Mensah, 2017).  It 

is a topic which challenges most learners. Learners find it difficult to succeed and 

hence hate it (Usman & Hussaini, 2017). Mensah (2017) found out that many learners 

have partial understanding of the concepts of trigonometry. In the same vein, Sasman 

(2011) noted that learners’ failure to understand trigonometry concepts has a ripple 

effect on their achievement level in mathematics success. The misconceptions of 

trigonometry concepts can continue in the learners’ entire lifetime, leading to low 
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performance in mathematics (Chigonga, 2016). The low performance in mathematics 

may not allow learners to study careers related to mathematics such as engineering, 

astronomy and architecture. Trigonometric equations are one area of trigonometry that 

presents challenges to learners (Chigonga 2016). Chigonga (2016) argued that 

trigonometric equations are very hard to learn because learners dislike the concept, 

lack the knowledge about periodicity of trigonometric functions and lack enough 

practice in solving trigonometric equations. As a result, this makes it much harder for 

them to comprehend it. Hence, learners must understand concepts from trigonometry 

itself as well as other topics to enhance the learning of trigonometric equations 

(Rohimah & Prabawanto, 2019). 

When solving the trigonometric equations learners need to find the value of the angles 

that make the equation true in the interval. However, learners make errors when 

solving trigonometric equations, which originates from poor understanding of basic 

concepts and skills learnt in the preceding grades (Chigonga, 2016). Learners 

misinterpret the sine, cosine and tangent of an angle when their values are negative, 

choose wrong quadrants and fail to recognise the reference angle (Chigonga, 2016). 

For example, in finding solutions for trigonometric equations 𝑠𝑖𝑛𝑥 = −0,71 for −360° ≤

𝑥 ≤ 360° learners would solve the equation as:   𝑠𝑖𝑛𝑥 = −0,71 

                                                              𝑥 = 𝑠𝑖𝑛−1(−0,71) 

                                                              𝑥 = 45° 

In the above solution process, it shows that the concepts of reference angle and 

quadrants where 𝑠𝑖𝑛𝑥 is negative according to its value, which are links to the 

equations are not present. Even though the equation is conditioned, learners only find 

one solution for the equation because of failing to recognise the solution as reference 

angle and use it in the relevant quadrants guided by the value of the trigonometric 

function of an angle to find other solutions within the interval. 

Rohimah and Prabawanto (2020) maintain that learners struggle in finding the value 

of the angle that makes the equation true, hence determine the result of the 

trigonometric function. Chigonga (2016) reported that learners do not have adequate 

knowledge about periodicity of trigonometric functions as observed in equations that 

are not conditional. Fahrudin, Mardiyana, and Pramudya (2019) also found that 
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learners’ poor understanding of periodicity of trigonometric functions impacts 

negatively on their attempts to solve trigonometric equations. For example, when 

learners are asked to find the general solution of equation 2𝑐𝑜𝑠𝑥 + 4 = 5 they would 

solve the equation as follows:   2𝑐𝑜𝑠𝑥 = 5 − 4 

               2𝑐𝑜𝑠𝑥 = 1 

                𝑐𝑜𝑠𝑥 =
1

2
 

                 𝑥 = 𝑐𝑜𝑠−1(
1

2
) 

                 𝑥 = 60° 

From the solution process of the equation there is no presence of the reference angle, 

relevant quadrants according to the value of 𝑐𝑜𝑠𝑥 are not identified, as well as the 

period of the cosine function is not present as connections to the equation. The 

knowledge of the period linked to the integer for infinite solutions that satisfy the 

equation does not exist. Hence, the solution of 60° is not the general solution of the 

equation.  

Fahrudin et al (2019) suggest the use of the Geogebra software to describe 

trigonometric functions for learners to understand the trigonometric periods since 

visualizing and drawing of concepts can enhance learners’ understanding of concepts 

specifically trigonometric equations. For example, solving the equation of 𝑠𝑖𝑛𝑥 = 0,71 

graphically provides visualisation of the trigonometric equation concept and the 

solutions as illustrated in Figure 2.1 below.  In the diagram the points from where the 

dotted vertical lines are drawn show the solutions in which the graph line of 0, 71 and 

𝑠𝑖𝑛𝑥 intersect. The distance between the two dotted vertical lines indicates that the 

solutions repeat every 360°. As such the concepts of functions, point of intersection, 

period and representations are connections to the trigonometric equation.  
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Figure 2.1: The graph of 𝒚 =  𝒔𝒊𝒏𝒙 [Source: Siyavula Grade 11 textbook] 

 

In his discussion, Chigonga (2016) suggested that to improve learners’ performance 

in solving trigonometric equations, emphasis should be put on concepts and 

knowledge that was taught in previous grades. He further suggested that teachers 

should ask learners to create a concept matrix in relation to solving trigonometric 

equations. The concept matrix provides a summary of different concepts that a learner 

can utilise to solve trigonometric equations (Chigonga, 2016).  The idea of the concept 

map helps learners to integrate concepts efficiently when solving trigonometric 

equations to understand concepts that are connected to trigonometric equations 

including quadratic equations and algebraic processes such as factorisation 

(Chigonga, 2016). Thus, the number of connections in a concept network expresses 

the learners’ better perception about the concept (Chigonga, 2016). 

As a result, learners must master well most concepts prior to learning trigonometric 

equations such as the concepts of quadratic equations, factorisation, trigonometric 

identities and functions (Rohimah & Prabawanto, 2019). Learners’ inability to identify 

quadratic equations, insufficient knowledge about quadratic equations such as the 

equation being a second degree polynomial where the highest power of the variable 

used in an equation is two, not knowing that the variable of the highest power in a 

quadratic equation should always be positive and that all the terms should be in one 

equation, will prohibit them in solving the trigonometric equations. That is, when 

learners are not able to recognize that quadratic trigonometric equations should be in 

a standard form of 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0, they will experience challenges in solving the 

equations of this type.  Learners’ lack of competence in the concept of factorisation to 

recognise the difference between the two squares, taking out common factors and 
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using the zero-product property will not enable them to solve the quadratic 

trigonometric equations. 

Furthermore, when learners are not competent in the concept of functions such as 

understanding the point of intersection for solutions and, periodicity of trigonometric 

functions for more solutions, this will affect them in finding solutions for trigonometric 

equations. Also, learners’ incompetency in trigonometric identities like Pythagorean 

identity and double angle identities prior to trigonometric equations will affect them in 

simplifying the equations, hence the challenges in solving the trigonometric equations. 

Thus, Chigonga (2016) also concluded that it is significant that learners decide on 

concepts which assist in solving trigonometric equations such as quadratic or linear 

equations, trigonometric identities or processes such as factorisation. As such, they 

should make connections within the concepts and topics in mathematics which provide 

long lasting and deep mathematical understanding. 

Mathematical understanding towards solving trigonometric equations includes visual 

connections to enhance acquisition of permanent knowledge (Dogan & Abdildaeva, 

2013). Dogan and Abdildaeva (2013) state that visualisation in solving trigonometric 

equations is perceived through the graphical approach which provides a broader 

perception and understanding of trigonometric equations. Thus, solving trigonometric 

equations using the algebraic and graphical approach should be exposed to learners 

and see how both representations of trigonometric equations connect than seeing 

them as separated. Also, Dunder (2015) asserts that learners should be able to use 

different representations and form connections between them to ensure meaningful 

learning in trigonometry. 

2.7. Challenges about connections when solving trigonometric equations 

The DBE (2017) states that the topic of trigonometry is a cause for concern regarding 

the intra-mathematical connections as learners perform poorly. Learners are unable 

to make the connections and understand the trigonometric concepts as isolated 

because of the concepts’ abstract nature (Montes et al., 2016). They perceive 

trigonometry as a difficult topic to understand (Ernaningsih & Wicasari, 2017). 

Senjayawati, Kadarisma and Bernard (2019) state that learners memorise the 

trigonometric knowledge, however this knowledge cannot be kept for a long period. It 

is therefore necessary that we change from trigonometric teaching that promotes 
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memorising isolated concepts and procedures and move towards emphasis on 

connections of concepts (NCTM, 2000).  

Most learners have poor knowledge of learnt concepts from other topics and this has 

become a challenge for them to make the connections when solving trigonometric 

equations (Gur, 2009). Learners have poor recall of trigonometric identities (DBE, 

2017), their knowledge of identities is inadequate and make incorrect simplification in 

the solution process of the trigonometric equations (DBE, 2020). For example 

Pythagorean identity is in three forms 𝑠𝑖𝑛2𝑥 + 𝑐𝑜𝑠2𝑥 = 1, 𝑠𝑖𝑛2𝑥 = 1 − 𝑐𝑜𝑠2𝑥 and 

𝑐𝑜𝑠2𝑥 = 1 − 𝑠𝑖𝑛2𝑥 as such learners apply the  identity incorrectly as 𝑐𝑜𝑠𝑥 = 1 − 𝑠𝑖𝑛𝑥 

and 𝑠𝑖𝑛𝑥 = 1 − 𝑐𝑜𝑠𝑥. The mathematical connections become inappropriate and 

prevent them to find solutions for the equations. 

According to the National Diagnostic Report, learners could not recognise concepts 

such as the quadratic formula required to help solve some of the trigonometric 

equations and have difficulty to solve the trigonometric equations through the 

connections (DBE, 2017). Moreover, learners struggle in factorising the quadratic 

trigonometric equation due to miscomprehension of the factorisation concept 

(Rohimah & Prabawanto, 2019). Learners could not factorise a quadratic trigonometric 

equation of form 2𝑐𝑜𝑠2𝑥 + 𝑐𝑜𝑠𝑥 − 1 (DBE, 2021). They could not recognise it as a 

trinomial and incorrectly took out 𝑐𝑜𝑠𝑥 as a common factor (DBE, 2021). Mensah 

(2017) states that the mistakes some learners make when solving quadratic 

trigonometric equations is also caused by their difficulties in basic arithmetic 

operations.  

Mutodi (2015) concluded that when learners solve trigonometric equations graphically, 

their challenge is lack of skills when drawing graphs of the equations and interpreting 

the information from the graph. Additionally, learners encounter challenges in making 

algebraic computations when solving trigonometric equations algebraically (Rohimah 

& Prabawanto, 2019). As a result, learners should be exposed to the algebraic and 

graphical approach of solving trigonometric equations and the connections of concepts 

from other topics to improve their understanding of how to solve trigonometrical 

equations. 
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2.8. Strategies of teaching and learning mathematical connections  

According to Hasbi et al (2019), mathematical connections aim at helping learners to 

perceive mathematics concepts as integrated. Astari and Marsigit (2019) maintains 

that teachers must make the learning process to develop learners’ mathematical 

thinking skills, such as mathematical connection ability for learners. To make 

mathematical connections, the thinking process is necessary where the mental 

representation is formed through the linkage of knowledge to aid in solving the problem 

(Karim, Budayasa & Siswono, 2018).   Adu-Gyamfi, Bosse and Chandler (2017) state 

that learners should be able to make connections, the type of connections they make 

and how to change the way of teaching to assist learners in making these connections.  

The teaching approach employed must be efficient and ensure an active learning and 

improve on learners’ mathematical connection ability (Menanti et al., 2018; Yumiati & 

Haji 2018; Hidayah, Meiliana & Rochmad, 2019). The learning of mathematics should 

avoid the traditional method that leads to convergent thinking in which learners recall 

the rules or formulas only to solve a problem (Kenedi et al., 2019). It is therefore 

expected that mathematics teachers create a learning experience that can aid in 

developing the learners’ ability to make connections, which includes selecting the 

suitable model for learning (Pambudi et al., 2018; Rahmawati, Budiyono & Saputro, 

2019). 

One strategy of improving learners’ mathematical connection is to use the problem-

based learning models (Sulaeman, Yusniawati, & Rohaeti, 2018). Problem-based 

learning models are characterised by engaging learners in problem-solving activities. 

The problem-based learning models are helpful in establishing active participation of 

learners by asking learners questions, enabling learners to think actively and 

communicate with others in groups (Hidayah et al., 2019). Correspondingly, being well 

informed that learners ought to understand and make connections between 

mathematical concepts, the curriculum emphasised on constructivist strategies which 

include collaborations and discussions (Nabie et al., 2018).  

Regarding the low mathematical connection, it has been observed that learners cannot 

make mathematical connections on their own (Hasbi et al., 2019). The world’s 

education standards endorse that teachers should help and allow learners to 

recognise and make connections between mathematical concepts and ideas 

(Handayani et al., 2019; Putri, Budiyono, & Indriati, 2019). Learners should be 
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facilitated, mediated and motivated during the learning process to develop their ability 

of mathematical connections with learners as the centre of learning (Rahmawati et al., 

2019).  

According to Ernaningsih and Wicasari (2017), learners need to be guided to develop 

mathematical connections and build up an understanding of relationships between 

mathematical concepts. Similarly, Pambudi et al. (2018) point out that mathematics 

teaching should allow learners to recognise and use links between ideas of 

mathematics and teachers provide support for learners in making connections 

between mathematical ideas, concepts and topics. Furthermore, Siregar and Siagian 

(2019) maintain that learners should be given activities to solve with a teacher as a 

guidance and have group activities for discussions and interactions in which learners 

assist one another as a way of enhancing mathematical connections as a skill.  

The activities should consist of connections of various mathematical topics, for 

relationships to be made between the concepts and procedures and build the 

mathematical meaning (Trubridge & Graham, 2017). Likewise, the instructions of 

activities should provide learners with the skill to identify and make connections 

amongst mathematical ideas and concepts (NCTM, as cited in Dean, 2008). 

Supporting activities are useful for developing the learners’ mathematical connection 

when they find relations amongst the mathematical concepts (Ernaningsih & 

Wicasari,2017). Tasni et al. (2018) state that to solve a problem, one must understand 

the problem first and have the ability to make connections with interrelated concepts 

or topics. Hence, to assess if a person understands mathematical concepts, one 

should identify the connections the person makes to those concepts (Siregar & Surya, 

2017).  

Making up for the learners’ low ability of mathematical connection, there is a 

suggestion that teachers must plan their tasks and scaffold learners to develop intra-

mathematical connections (Moore-Russ, Diletti, Strzelec, Reeb, Schillace, Martin, 

Arabeyyat, Prabucki & Scanlon, 2015). Scaffolding in educational context is defined 

as process in which a teacher assists learners by providing frameworks and bases to 

learners during the learning process (Kurniasih as cited in Yulianto, Rochmad & 

Dwidayati, 2020). As such, assistance provided by the teacher should slowly lessen 

when learners have improved their skills in which they can independently solve the 
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problems during the learning process (Nurhayati as cited in Yulianto et al., 2020). 

Similarly, Van Driel, Slot and Bakker (2018) mentioned that during the learning task 

the teachers support, and assistance should slowly be reduced in pace with the 

learners’ development of the task until he or she can carry out the task on his or her 

own. As such, when scaffolding teachers provide learners with support through 

questioning that guide them in solving the tasks and help ease learners’ ability by 

building on previous knowledge and enabling them to attempt tasks that they could 

not do without the assistance (Bassiri, 2012). The teachers also probe the learners in 

order to build up their thinking skills on the mathematical concepts of the task 

(Anghileri, 2006). As stated by Kenedi et al. (2019) that, mathematics is one of the 

disciplines in which the ability to think can be developed or improved. As such, when 

teaching mathematics, the ability to recognise and present the same concept in 

various representations should be the main goal (Berry & Nyman, 2003).  

Hasbi et al. (2019) state that there is a need for learning strategies which can support 

learners to learn, connect knowledge learnt before with the current knowledge. Arthur 

et al. (2018) maintain that learners’ learning strategies include their ability to make 

connections between prior mathematical concepts to new ones. Hafiz et al. (2016) 

indicate that learners need to possess strategies for connecting mathematical 

concepts between each other, as such concept mapping can assist learners in linking 

concepts in mathematics more especially in trigonometric topics. 

Arjudin et al. (2016) and Handayani et al. (2019) claim that teachers need to help 

learners to learn how to make mathematical connections through the relationship 

between mathematical topics, equivalent representations of the same concept, and 

the relationship between conceptual knowledge and procedural knowledge. According 

to Yulianto et al (2020), mathematical connection is part of structure which relates to 

mental networks and is interrelated to skills of linking procedural and conceptual 

knowledge. The aim of conceptual knowledge is to understand the relationship 

between mathematical concepts (Arjudin et al., 2016). Procedural knowledge involves 

the representation, rules and procedures used step by step in solving the 

mathematical task, as such learners should learn the concepts together with 

procedures so that they can be able to see the connections (Arjudin et al., 2016). If 

learners are not able to acquire conceptual and procedural knowledge, the whole 
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knowledge is not taken as integrated, hence it may influence the learners’ 

mathematical connection ability (Hidayah et al., 2019).  

Calfee as cited in Yaniawati, Indrawan and Setiawan (2019) outlined a model which 

shows that learners are required to build mathematical knowledge through connection. 

Learners need to organise the acquired knowledge into a new one then reflects on the 

new concept and therefore extend on the concepts being learnt (Yaniawati et al., 

2019). According to Wicaksana, Wirya, and Margunayasa (2014) as cited in Yulianto 

et al (2020) the model has a good impact in improving mathematical connection skills. 

Yulianto et al. (2020) maintain that the CORE model put emphasis on learners to build 

their knowledge by connecting and organizing past and new knowledge, think about 

concepts being learnt (reflecting) and developing their knowledge during the process 

of teaching and learning (extending). Teachers should tap on learners’ learnt 

information by asking them to rethink and share with other learners their knowledge 

(Yaniawati et al., 2019). In Mumu and Tanujaya (2019) it was shown that the 

connection process occurs maximally when learners work cooperatively. Thus, 

strategies such as problem-based learning, collaborative-based learning and 

demonstrations in mathematics are efforts that can be made to help improve the 

learners’ mathematical connection ability (Jailani et al., 2020). 

The most important goal of learning in mathematics is to develop the learners’ 

mathematical skills or abilities, where some skills that must be acquired comprises 

cognitive skills which need a lot of effort to achieve (Afrizal & Dachlan, 2017). Learners 

are required to know related mathematical concepts to be used in other areas of 

mathematics, and to achieve this goal, learners need to have understanding and 

knowledge of connections in each phase, hence it is very crucial to identify 

mathematical connections when solving a problem (Tasni et al., 2018). Likewise, the 

goal of mathematical learning is for learners to understand concepts and make the 

connections between the concepts, which aid learners to succeed in learning 

mathematics (Nurvita et al., 2019). Therefore, when learners understand concepts and 

are able to make connections between concepts, this will bring them into the 

integration of mathematics (Rangkuti et al., 2018; Nurvita et al., 2019). In addition, the 

ability to make mathematical connection ability is more significant in learning as it will 

enable learners to learn mathematics concretely (Astari & Marsigit, 2019). 
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The review has revealed that making connections within mathematics is important as 

it allows learners to build a network of connected concepts in which mathematical 

concepts that have been taught previously provide a robust base in understanding 

new concepts (Mehmetlioglu & Ozdem, 2014). It is also significant to teach 

mathematical connections in all education levels because they provide a lasting and 

deep understanding of mathematical concepts, as well as perception of mathematical 

concepts and topics as a unified whole (Siregar & Siagian, 2019). Thus, learners’ 

mathematical connections’ strength can be seen from a number of mathematical ideas 

linked in solving the problem, the correctness of links made between the ideas and 

learners understanding of the relationship made to solve the problem (NCTM, 2000). 

It is evident from the literature that learners still experience difficulties in making 

connections between mathematical concepts and topics, hence the low mathematical 

connection ability (Hafiz et al, 2016). This concurs with the DBE reports that the topic 

of trigonometry is a cause for concern regarding the intra-mathematical connections 

as learners perform poorly. However, the mathematical connection ability can be 

learned and taught through problem-based learning models (Sulaeman et al., 2018). 

It is noted from the literature that problem-based learning engages learners in 

problem-solving activities and promotes collaboration amongst learners and teachers 

(Hidayah et al., 2019).  Also, Yosopranata et al. (2018) points out that learners’ ability 

in making mathematical connections increases with learning that is not teacher-

centred but with learners being active in the learning process. Thus, learners are 

guided to develop mathematical connections and build up an understanding of 

relationships between mathematical concepts (Ernaningsih & Wicasari (2017). 

Literature on learners’ knowledge with mathematical connections of specific topics 

appears scarce. However, some studies have focused on mathematical connections 

to study learners’ efficacy to make connections in mathematics (Jingga, et al., 2019). 

Siregar and Surya (2017) analysed learners’ Junior high school mathematical 

connection ability. Also, the study of Hidayah, Meiliana and Rochmad (2019) made an 

analysis of mathematical connection ability viewed from learners’ questioning skills 

through the educational tools in the connected mathematics project learning model. 

Several studies focused on connections that teachers or pre-service teachers make 



29 
 

(Garcia-Garcia & Dolores-Flores, 2019).  In the study of Jingga, Mardiyana and 

Triyanto (2019), the focus was on mathematical connections made by teachers in the 

linear program. Rodriguez-Nieto et al (2021) also studied pre-service mathematics 

teachers’ mathematical connections in the context of problem-solving about the 

derivative.  Additionally, Saleh, Purwanto, Sudirman, Hidayanto, and Susiswo, (2018) 

studied mathematical connections of elementary school teachers in solving 

trigonometry problem. Therefore, research focusing on the mathematical connections 

learners make in a specific topic is limited, hence the study contributes to this gap by 

looking at the mathematical connections’ learners make in the topic of trigonometry in 

mathematics.  

2.9. Theoretical framework  

The theoretical framework serves as the guide to build and support a study, and is 

used to support the data and interpret findings (Grant & Osanloo, 2014). Theoretical 

framework provides a structure for what to observe in the data and assists in 

discussing findings (Kivunja, 2018). It represents connections between existing results 

that provide understanding for data about the phenomena (Nhan, 2020). As such, 

theoretical framework is used by research studies as a base for conducting research 

and help to determine what to be studied (Grant & Osanloo, 2014).   

This study is guided by Mowat’s network theory (2008). It is derived from the 

constructivist theory. According to constructivist theory, learners learn actively and 

build new concepts and ideas based on their past knowledge (Suhendi & Purwarno, 

2018). In the view of constructivists, learners must have background knowledge to 

make connections or relationships in constructing their knowledge (Suhendi & 

Purwarno, 2018). Hence, the basic idea of constructivist theory in the learning of 

mathematics is that individuals try to construct meaning and make sense of what they 

are doing through their personal experience (Shuard, 1986).  

The network theory represents ways and processes which interact in a network 

structure to solve problems (Borgatti, & Halgin, 2011). Network theory aims at finding 

networks of links that occurs between nodes which builds understanding of relations 

(Iyamu, 2018). It considers mathematics as a network or web of ideas, concepts and 

processes that are connected (Doll, 2010). According to Mowat and Davis (2010), the 

theory views the main mathematical concept as a node in a network and connected 

by links. Mowat (2008) defines nodes as the network themselves and represent sets 
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of insights and relationships involving the concept. Furthermore, the network theory 

examines ways in which nodes of knowledge in mathematics as a discipline can be 

linked (Mowat & Davis, 2010).  

Nodes with structure allow for conceptual understanding (Mowat & Davis, 2010). In 

the study, trigonometric equation is the main node joined to other nodes which are 

mathematical topics such as algebra, functions, number patterns and trigonometry 

through their concepts to it. Trigonometric equations are viewed as a node built from 

such connections which allow for understanding.  These connections or links are 

formed with the learner being motivated to make connections between the nodes by 

employing the past knowledge (Green & Ricca, 2010). Green and Ricca (2010) 

maintain that the learner must have a sense in which they use the knowledge to create 

the relationship and as a result the link must be of an advantage to learner by reducing 

the cognitive load in a way that the learner has no pressure to memorise concepts 

learnt. In this study the concepts such as factorisation, identities, graphs are the links 

that connect the nodes of algebra, trigonometry and functions respectively to 

trigonometric equations as the main node. 

The knowledge of solving trigonometric equations includes a number of concepts from 

mathematical topics which make links between them for the ability to solve the 

equation problems. The formation of links is an experience or knowledge that is usually 

enough in solving problems (Green & Ricca, 2010). The links built makes a substantial 

difference in the process of solving the problem well as connecting one concept to 

another. Individuals build an understanding of new mathematical concepts or ideas 

through the links (Mowat & Davis, 2010). According to Mowat and Davis (2010) a 

concept may be linked in numerous ways with ideas that are different. Likewise, every 

link allows a different interpretation of the node (Mowat & Davis, 2010). One link for 

the node provides lacking structure to represent understanding of the whole concept 

(Lakoff & Johnson cited in Mowat & Davis, 2010). Thus, more links are needed to shed 

light on the node (Mowat & Davis, 2010).  

Mowat and Davis (2010) maintain that the concepts are vital, however the links 

between them are more crucial. So, mathematics comprises of many concepts in 

which their meanings are formed or determined by their links (Mowat & Davis, 2010). 

Links and connections between concepts are strong and deep and thus the new 
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mathematical concepts are created from connections among mathematics concepts 

that already exist (Mowat & Davis, 2010). Mowat and Davis (2010) contended that 

mathematics can be integrated by means of considering the relationships between 

mathematical concepts, however the effect to what they argued is that mathematical 

concepts integrated must be connected as a network. 

Learning mathematics as a network has the prospect to lead to more understanding 

in teaching and learning (Green & Ricca, 2010). The network of ideas is the foundation 

of knowledge of mathematics (Lakoff & Nunez as cited in Mowat &Davis, 2010).  The 

network is a map of all the relevant links between the nodes that are studied (Onday, 

2016). The network consists of communication ties which talk to the node and provide 

information and assistance to knowledge of the node (Onday, 2016). Thus, Mowat and 

Davis (2010) recommend the use of a network as a representation for mathematical 

knowledge which shed light on mathematical understanding. In this study the network 

structure for the concept of trigonometric equations connected to nodes with links is 

illustrated in Figure 2.2. 
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Figure 2.2: A network of concepts for trigonometric equations 

Mowat and Davis (2010) recommends that seeing mathematics as a network provides 

a background for understanding the mathematics structure as a whole. The nodes in 

the network structure are not the basic units, however they are perceived as a network 

themselves which represents links that involve the concept (Mowat, 2008). The links 

are used in mathematics to make sense of the node, hence necessary for learners to 

be familiarised to more concepts as links to learning of a new concept (Mowat, 2008) 

Network theory is mainly concerned with what is real which consists of how meanings 

are created in networks, how the various networks are made and meaningfully form 

activities (Iyamu,2018). Accordingly, the emphasis of the network theory is mainly on 

understanding mathematics as a system of concepts and ideas (Mowat & Davis, 

2010). Mowat and Davis (2010), mainly focus on mathematics being understood as a 

structure of concepts and ideas. They maintain that mathematics is presented as a 

hierarchical structure in which concepts at every phase are developed based on those 

which were taught in past grades (Mowat & Davis, 2010).  They recommend that 

building more links amongst concepts decreases a need on the node and make the 

mathematical structure strong. Thus, Mowat and Davis (2010), indicated that network 

theory provides a suitable structure for knowledge understanding of the mathematics 

discipline. Also, Iyamu (2018) states that the network theory is suitable for acquiring 

understanding and construction of concepts referred to as network of knowledge. As 

a result, Mowat and Davis (2010) conclude that it is instructive and also crucial to use 

network structure of mathematics knowledge for better perceptions and understanding 

of mathematics. 

Mathematical concepts may not be linked together only, but must also be linked to 

other concepts through natural or human capabilities which are experienced mentally 

or internally (Khattar, 2010). Learners may not understand everything embedded in a 

link or connection, what the connection is and what it represents, as such discussions 

should be made an explicit part in the classroom to make these views clear (Mowat & 

Davis, 2010). Examining the ways in which learners use links could help the teacher 

to recognise learners’ misunderstanding of mathematical concepts (Mowat & Davis, 

2010). Teachers could encourage learners to identify links that connect to the node 
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(Mowat & Davis, 2010).  This allows for more links or connections in understanding a 

concept and assist learners to identify links that are appropriate to use in certain 

situations (Mowat & Davis, 2010).  Thus, it is necessary to make mathematical 

interpretation of link open since learners tends to comprehend a link through their own 

experience (Mowat & Davis, 2010).  

Therefore, the study used the theory to explore how learners connect concepts when 

solving trigonometric equations. I observed how learners build relationships between 

nodes (concepts) and links (connected concepts) to identify the types of connections 

they make. The theory was also used to emphasise that concepts do not develop in 

isolation but through the connection to other concepts and ideas (Mowat, 2008). As a 

result, network theory was used as structure enabling the connection of concepts and 

topics as nodes and links between each other. Mowat and Davis (2010) outlined that 

is very helpful and crucial to employ the network structure of mathematical knowledge 

in providing understanding of mathematics. Also, the analysis of the network theory 

enables understanding and learning of mathematics by making more connections 

between concepts, which fosters learners’ mathematical learning and building up of 

their understanding of mathematics (Mowat, 2008).  

Accordingly, looking at the goals of the network theory, it supports what the study 

proposes to explore. This is achieved where I stayed open to connections made by 

learners in terms of their knowledge about trigonometric equations. It is also achieved 

when learners use the past knowledge in relation to trigonometric equations, link 

mathematical concepts and topics to trigonometric equations. Moreover, identify 

relationships from different representations of mathematic concepts and procedures 

and understanding the equivalent representation of concepts and therefore, identify 

suitable concepts to connect in certain contexts.  

2.10. Summary of the chapter  

The literature on mathematical connections, a fundamental skill in mathematics, has 

been covered in this chapter. It demonstrates how mathematics is learned by making 

connections when studying a particular mathematical topic. The literature discussed 

the studies that were looked at on the significance, application, and indicators of 

connection ability in mathematics. The chapter concentrated on the challenges 

learners face while connecting mathematical concepts and themes. The review 

described the basics of trigonometry and offered additional insights into why learners 
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have difficulty connecting the mathematical ideas behind trigonometric equations. The 

review provided the nature of trigonometry and more insights on why learners fail in 

making connections in trigonometric equations as an area in trigonometry. The review 

provided the discussion on teaching and learning strategies endorsed by researchers 

for learning mathematical connection as a skill and improving learners’ understanding 

of connections between concepts in mathematics. Following this, the chapter 

discussed the theoretical framework that guided the study. The following chapter 

presents a discussion of the methods employed to carry out this study. 
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CHAPTER 3 

 METHODOLOGY 

3.1. Introduction  

The previous chapter discussed the literature on mathematical processes. It 

addressed mathematical connections as a basic skill that needs to be developed in 

the learning mathematics, also the importance of connections in mathematics, 

followed by a discussion on intra-mathematical connections and indicators of 

connection ability in mathematics, difficulties learners encounter in making 

connections between mathematics concept and topics, the nature of trigonometry and 

insights into why learners struggle to make connections in trigonometric equations. 

The previous chapter further discussed teaching and learning strategies endorsed by 

researchers for learning mathematical connections and explained the network theory 

as the theoretical framework that guided the study. 

This chapter describes the research approach used in the study. It further addresses 

the design of the study, sampling, data collection methods and how data were 

analysed. Additionally, it describes the quality criteria and ethical issues considered in 

the study. 

3.2. Research approach  

The study used a qualitative research approach. Denzin and Lincoln (2018) define the 

qualitative approach as a means for understanding the phenomenon understudy while 

exploring it in its setting and meaning individuals make to the phenomenon. In this 

study, participants will be studied according to the intra-mathematical connections they 

make in their own classroom. The qualitative research approach was chosen because 

it aims at exploring the topic and present a detailed interpretation or view of the topic 

(Creswell, 1998). Specifically, the approach was selected to understand learners’ 

intra-mathematical connections made when solving trigonometric equations as the 

phenomenon. Qualitative research provides exploration and understanding of the 

phenomenon being studied based on the context in which it occurs rather than 

generalisations and predictions (Creswell, 2009; Chivanga & Monyai, 2021). This 

method is considered suitable because it gives the researcher the opportunity to 

describe and analyse the phenomenon from the experience of the study participants 

(Mohajan, 2018).  
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In this study the approach enabled me to get learners’ in-depth understanding of intra-

mathematical connections they make when solving the trigonometric equations. The 

approach involved the researcher collecting data as words. The qualitative approach 

was used to explore the intra-mathematical connections learners made when solving 

trigonometric equations, difficulties learners encountered when making connections 

between concepts and how making connections between concepts influenced their 

solution process.  

3.3. Research design 

A research design is a plan of action that guides the research from the research 

questions to the conclusions (Akhtar, 2016).  It includes data collection, analysis and 

interpreting (Yin, 2003). The study employed the case study research design. Yin 

(2003) mentions that case study consists of a single study and multiple study. Multiple 

case study is one in which researcher explores several cases to understand 

differences and similarities between cases and the aim is to replicate findings across 

the cases (Baxter &Jack, 2008). In a single case study, the researcher study one single 

thing such as a person or group of people with no other cases for replication (Yin, 

2003).  The study focused on single case since the researcher is studying group of 

people (Yin, 2003). Merriam (1998) defines case study as an intensive, holistic 

description and analysis of a single instance or phenomenon of interest. In this study, 

the interest was in rich analysis of intra-mathematical connections Grade 11 learners’ 

make when solving trigonometric equations. The case study was therefore more 

relevant as it allowed me to focus more extensively to describe intra-mathematical 

connections learners make when solving trigonometric equations as the phenomenon 

of this study.  

According to Merriam (1998), the characteristic of case study research is mostly 

defined by limitations of the case. She perceives the case as a single entity and a unit 

whereby there are boundaries. The case in this study was Grade 11 learners limited 

within solving trigonometric equations. It revealed how learners make connections of 

their past experiences and knowledge of trigonometry topics, mathematical concepts 

and topics in solving the trigonometric equations.  

According to Merriam (2009), the case study is characterized into particularistic, 

descriptive and heuristic. Particularistic case study is one in which the study focuses 

on a particular situation, individual, group or phenomenon (Merriam, 2009). In this 
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study, the focus was on Grade 11 learners. Descriptive means that the case study 

produces a rich and thick description of the phenomenon in the study (Merriam, 2009). 

This study yielded thick, and rich description of intra-mathematical connections 

learners made when solving trigonometric equations. Heuristic is the one in which the 

case study provides novel understanding of the phenomenon in the study (Merriam, 

2009). This study brought a new understanding of intra-mathematical connections 

learners generate when solving trigonometric equations. Therefore, the case study 

method was found to be more relevant as this study presents all the characteristics of 

case studies according to Merriam’s explanations.  

Merriam (1998) stated that case studies can be described with regard to their 

intentions which are evaluative, descriptive, and interpretive. In an evaluative case 

study, the researcher provides description and explanation, and attempts to make 

judgement of the phenomenon under study (Merriam, 1998). This study was not set 

out to make judgements about the phenomenon, therefore it is not evaluative. 

Descriptive case study provides a detailed description about the phenomenon studied 

with an intent of not generalising but presenting a description of an individual, a school 

or class studied (Merriam, 1998). The study’s purpose was not to generalise and 

describe only, but was informed by the intention of making sense of the meaning from 

the collected data. Interpretive case study is one in which the researcher uses a rich 

and thick description that is obtained and interprets it (Merriam, 1998). In the 

interpretive case study, the researcher does not describe only what was observed from 

participants or stated in interviews but develops ideas and meaning from data that 

explain different methods to the task. In this study, the researcher looked at providing 

full description of data, interpret and build meaning from all the data. Therefore, the 

study found interpretive case study to be more relevant as it sought to explore in depth 

the intra-mathematical connections that learners make when solving trigonometric 

equations. 

Interpretive case study is used to provide deep understanding of the knowledge and 

experience that leads to meaningful analysis of the collected data (Merriam, 2009). 

Interpretive case study research helped me to be an effective participant observer, 

engaging in the activities and interviews which allowed me to make sense of and 

understand intra-mathematical connections learners made when solving trigonometric 

equations in their natural setting. Hence, this helped in exploring the intra-
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mathematical connections that learners make when solving trigonometric equations 

with the purpose of understanding the type of intra-mathematical connections they 

make and how this affects their solution processes.  

3.4. Sampling 

Sampling is the method of deciding on a portion of the population which represents 

the whole population (Kothari, 2004).  According to Taherdoost (2016) sampling is 

used to make conclusions regarding the population of a particular study. Sampling 

was made from a school in Mankweng circuit from the grade 11 class of learners that 

are doing Mathematics. Two types of sampling techniques in research are: non-

probability sampling and probability sampling (Taherdoost, 2016). Probability 

sampling is referred to also as random sampling in which every individual has equal 

opportunity of inclusion in a sample, whereas non-probability sampling is a sampling 

procedure which does not allow any basis of estimating probability that every individual 

has of being included in a sample (Kothari, 2004). The non-probability sampling was 

used in this study. The category of non-probability sampling chosen in this research 

was the convenience sampling method. Convenience sampling is a type of non-

probability sampling in which participants of the population targeted meet criteria such 

as easy accessibility, time and enthusiasm to participate in the study (Lopez & 

Whitehead, 2012). In this study convenience sampling was chosen to collect 

information from participants who were easily accessible. The participants’ school was 

closer to where I work and stay and the Grade 11 learners were available at the time 

that could not disrupt their studies. 

A conveniently selected group of 30 Grade 11 learners participated in the study. The 

sample consisted of 15 males and 15 female learners. I found Grade 11 to be suitable 

for this study as it is not for the first time that this class of learners encounter 

trigonometry concepts. They have studied the trigonometry in grade 10. Therefore, the 

sample was found appropriate as it could provide enough information to achieve 

objectives of the study. 

3.5. Data collection 

Merriam (1998) presents the three methods which aid in acquiring detailed data 

collection in qualitative case study research. Data sources includes observations, 

document and interviews. In this study, data were collected through observations, 

task-based interviews and documents in the form of class work and home work.  
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3.5.1. Participant observations  

Observation is a systematic description of behaviours and phenomenon in a natural 

setting (Marshall & Rossman, 1989). Observations give an opportunity to make record 

of what the researcher gathers by writing and taking field notes to be used in a later 

stage to recall what was observed in the setting (Kawulich, 2012). 

Observation was done in the classroom setting during the lessons when learners were 

responding to given tasks to look at types of intra-mathematical connections they 

make. The study used participant observation in which I became both the observer 

and the participant during lesson observations in the setting (Kawulich, 2012). During 

participant observation, a video recorder was placed strategically to capture all 

interactions in context and field notes were taken which are written descriptions of 

what was observed during the process. Participant observation was used to obtain in-

depth information about participants’ intra-mathematical connections that they make 

when solving equations (Kawulich, 2005). An observation guide was used as a 

guideline in lesson observations to obtain connections made by learners (refer 

Appendix 8). The observation guide involved observations of intra-mathematical 

connections learners made when solving trigonometric equations as they engaged 

with them in the activities given. The observation guide also helped to observe how 

learners’ ability to make intra-mathematical connections influenced their solution 

process.  

3.5.2. Documents 

Data were collected through documents as another way of gathering information in the 

qualitative study. Documents are crucial for enhancing data, verifying and 

strengthening the evidence from other sources and are mostly used in combination 

with interviews and observations to gain a better understanding of the phenomenon 

under study (Merriam, 1998). In order to get more insight into the intra-mathematical 

connections learners make when solving trigonometric equations, documents were 

analysed. In this study, the documents were classwork and homework books in which 

learners wrote their responses to tasks on solving trigonometric equations. Documents 

were used during the lessons for activities and after lessons for test whereby I 

identified the intra-mathematical connections that learners make in their written 

responses. The tasks given served as written evidence of whether learners were able 
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to connect the concepts learnt within trigonometry with other mathematical topics 

when solving trigonometric equations. 

 3.5.3. Task-based unstructured interviews  

Interviews aim at exploring the views and knowledge of individuals on specific topics 

(Gill, Stewart, Treasure & Chadwick, 2008). This study used the task-based interview 

in which a participant and interviewer interact on a specific task that a participant is 

asked to solve (Assad, 2015). This allowed me to ask detailed questions and probe 

participants to provide rich data related to the task responses (Bolderston, 2012). In 

addition, it allowed me to look into how learners use previously learnt concepts or 

knowledge in solving the trigonometric equations given to them. 

According to Hurst (2008), task-based interviews are used to explore and probe 

learners’ mathematical knowledge and ideas and determine their understanding of the 

concept. Task-based interviews occurred during the lessons when learners worked on 

given activities and after administrations of test to provide information that may have 

been missed by probing them to seek more clarifications of their understanding of the 

trigonometric equations through making connections. In this study, I looked at intra-

mathematical connections the learners made during the tasks, particularly as 

mathematical concepts are embedded within the concept of trigonometric equations. 

The unstructured task-based interviews therefore helped in providing more information 

about the intra-mathematical connections learners make when solving the given tasks 

and how their ability affects them in the solution process based on the given task. The 

interviews conducted after lessons and test were ten, they were recorded and 

transcribed to prevent bias and credibility of the interview proceedings. 

3.6. Data analysis 

This study used thematic analysis to analyse the data. Thematic analysis involves 

identification, analysis and reporting of themes within data (Braun & Clarke, 2006).  

They further defined it as a flexible and very useful means of providing a 

comprehensive interpretation of data (Braun & Clark, 2006). Thematic analysis 

identifies individuals’ views and their patterns in behaviours related to a specific topic 

and also determines ways of presenting a topic (Braun, Clarke & Weate, 2016). 

Thematic analysis was used to examine intra-mathematical connections participants 

made as they were solving trigonometric equations. The method allows the researcher 

to perceive and build a logic of collective meanings and understandings of intra-
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mathematical connections learners made (Braun, & Clarke, 2012). As a result, 

thematic analysis adopted because it is rigorous and is designed to identify and 

examine themes from written or recorded data in a clear and probable way (Peel, 

2020). 

According to Braun and Clarke (2006), thematic analysis involves formation of codes, 

developing categories from which more themes are established to describe the 

collected data in a summary form. Moreover, thematic analysis maintains the richness, 

rigour and natural setting of the original data. In analysing the data, I first engaged 

myself with the data by re-reading textual data from the documents responding to 

activities on daily basis after lessons and test scripts after test administration. 

Documents as classwork and homework books were sampled with consideration 

being the most to provide information required of learners’ ability to make intra-

mathematical connections, how the connections affected their solution processes and 

challenge encountered in making the connections. As such, ten books were sampled 

in each activity regarding the criteria. Engaging with the data also included re-reading 

the transcripts of verbal data from interviews and made sense of the ideas that 

emerged. Secondly, I coded the ideas and arranged them into categories. Lastly, I 

noted the themes which were described as final results in the thematic analysis 

process (Braun, & Clarke, 2006). Therefore, the themes (patterned responses) were 

described, interpreted for their meaning and are presented in the results section of the 

study report. 

3.7. Quality criteria 

According to Guba (1981), there is a need to address trustworthiness concerns by a 

researcher regardless of their research paradigm to know if the findings are of true 

value, consistent, of integrity and determine if the results come from the participants 

only without any form of bias. According to Anney (2014), the adoption of 

trustworthiness criteria improves the believability of data of a qualitative study. In this 

study credibility, transferability and dependability served as qualitative research 

trustworthiness criteria.   

3.7.1. Credibility 

Gasson (2004) defines credibility as the idea of internal consistency. It determines 

whether the findings in the research represent realistic information taken from the 

participants’ original data which reveal the participants’ perspectives accurately 
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(Anney, 2014). For credibility in this study, I used triangulation. The three major types 

of triangulation include investigator triangulation, methodological triangulation and 

data triangulation. The researcher adopted the data triangulation process which uses 

different sources of data, namely participant observation, documents and task-based 

unstructured interviews (Anney, 2014). Thus, triangulation was employed as it uses 

data from different sources to increase the validity of the findings.  

The study also used member checks to remove researcher bias when interpreting 

data, improve the quality of the data as well as validating the data (Anney, 2014). In 

this study, the member checks were done by sending the interpreted data back to 

participants to allow them to assess the interpretations I made and suggest changes 

if misreported.  

3.7.2. Dependability  

Dependability refers to how findings are consistent over time (Bitsch, 2005). According 

to Anney (2014), dependability includes evaluation of the study findings and 

interpretations by participants in a way that all are supported by data as received from 

the study participants. Dependability was ensured by conducting an audit trail (Bitsch, 

2005). The audit trail allows the researcher to be responsible for all research decisions 

made to show how data were collected, recorded and analysed (Anney, 2014).  The 

audit trail was done by keeping the collected data for cross checking throughout the 

inquiry process. Hence, observation notes and videos, documents and recorded 

interviews were reserved to verify the validity of the data.   

3.7.3. Transferability 

Bitsch (2005) defines transferability as an extent to which the qualitative research 

results can be transferred to other related contexts. In this study, transferability was 

accomplished by using thick description as a strategy which enables judgements 

about how well the research contexts fits other contexts (Li, 2004). The thick 

description was provided to enable the reader to determine if the findings of this 

research are transferable to their own setting (Korstjens & Moser, 2018). The thick 

description in this study was also done by providing a detailed description of the 

participants and research methods, from data collection through to the final report of 

the study findings.  
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3.8. Ethical considerations  

Ethical considerations are issues considered by a researcher with the aim of not 

invading the participants’ rights and safety (Akaranga & Maka, 2016). The protection 

of individuals using suitable ethical behaviours is important in every study (Arifin, 

2018). Ethical considerations are very important practices of proper conduct which 

govern the research as a means to respect and protect the participants’ privacy and 

to reduce any harm (Abrar & Sidik, 2019). In this study, permission, informed consent, 

confidentiality and anonymity were observed throughout the study (McMillan & 

Schumacher, 2010).  

3.8.1. Permission  

Permission is sought or requested for access to specific participants for a study from 

the person in charge of those participants. Therefore, I sought permission to conduct 

this study from the University of Limpopo’s Turfloop Research Ethics Committee 

(TREC). In addition, I obtained written permission from the Head of Department of 

Education-Limpopo Province (refer Appendix 1), Mankweng Circuit Manager of 

Department of Education in the Limpopo Province to conduct the research at the 

sampled school (refer Appendix 2), in order to ensure that is the legal implementation. 

Furthermore, I sought permission from the Principal of the school where this study 

took place (refer Appendix 3). Accordingly, permission from the Principal was granted 

(refer appendix 11).  

3.8.2. Informed Consent  

Informed consent is a way for ensuring that individuals understand what participating 

in a research study means, to make a decision in a mindful and intentional way on 

whether they want to participate or not and ensure respect for the people involved in 

the study (Mack, Woodsong, MacQueen, Guest & Namey, 2005). This is one of the 

most vital issues in research as it ensures the participants that their safety is 

guaranteed and they have free will in relation to taking part in the research (Mandel & 

Parija, 2014). 

In this study, the participants were informed about the purpose of the research and 

implications of participating in the research. They were given an explanation of the 

data collection procedures and were given time to ask questions to address any 

concerns regarding their participation. Participants were informed that they have the 

ability and right to feel free to participate in the research at their own will and should 
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feel free to withdraw at any point. Therefore, their participation in this study was 

voluntarily declared, without manipulation and undue influence. 

I wrote an informed consent letter explaining the purpose of the study to the learners’ 

parents for their children to take part in the study (refer Appendix 4). Moreover, the 

assent form was given to learners to provide informed concerned with respect to the 

purpose of the study, its procedures, how they would be protected and their rights 

upheld upon participating in the study (refer Appendix 5).  

3.8.3. Confidentiality and anonymity  

Confidentiality and anonymity are ethical issues intended to protect the privacy of 

individuals who voluntarily reach a decision of participating in research while the 

researcher is in the process of collecting and reporting data (Coffelt, 2017). 

Participants’ confidentiality and anonymity were continually protected in this study. 

Participants’ names and identity were kept anonymous during the whole process of 

data collection and reporting of the results, hence pseudonyms were used. The name 

of the school was also not revealed in the study.  

3.9. Summary of the chapter 

This chapter presented the research methodology, namely: research approach, 

design, sampling, and how data were collected and analysed. The chapter further 

discussed the quality criteria and ethical issues in the study. The next chapter focuses 

on data analysis, presentation, and interpretations of findings. 
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CHAPTER 4 

PRESENTATION AND INTERPRETATION OF FINDINGS 

4.1. Introduction  

The research methodology employed in this study was explained in the preceding 

chapter where the research design was also presented. The population and sample 

were also discussed, along with the data collection procedures and analysis plans. 

The quality standards and ethical factors were also presented. 

In this chapter the results from data analysis are presented. The data were collected, 

familiarized with, categorised and then presented as themes in response to the 

problem described in chapter one of this study. Two major research questions guided 

the collection of the data and its analysis. The research questions were:  What intra-

mathematical connections do Grade 11 learners make when solving trigonometric 

equations? How do learners’ intra-mathematical connections efficacy affect their 

solution process? 

In an effort to find answers to the two study questions, activities were made available 

to the learners, and I took on the role of a participant observer as they completed the 

tasks, probing them and posing leading questions. In pairs the learners completed the 

exercises. While the participant learners were working on the exercises and solving 

the equations, I posed questions to gather information about how and why they did so. 

Again, as each learner worked to solve the equations, I questioned them to find out 

what had motivated them to approach the problems in the way that they did. 

Additionally, I questioned their methods and justifications for how they approached the 

problems, as well as what the solutions they discovered indicate for the equations they 

solved. Learners were also given a trigonometric equations test at the end of the 

activities. The trigonometric equation test was administered to identify more of intra-

mathematical connections after lessons and how they affect their solution process. 

The learners were also interviewed on the tasks for providing more information and 

further evidence.  

4.2. Data analysis 

This section presents findings from observations, activities, tests and interviews 

conducted for the study. I looked for patterned responses from the data sources which 

served as subthemes and grouped them together to make common themes. 
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From the emerged themes, the first theme is learners’ inappropriate algebraic 

connections and lack of algebraic connections and includes three subthemes which 

are learners were not able to solve equations within an interval, learners’ inability to 

factorise the quadratic trigonometric equations and learners’ inability to compute 

fractions. Second theme of learners’ lack of and poor connections between 

representations includes two subthemes which are learners’ tendency to stick to same 

concepts and approaches and learners’ inability to draw and interpret graphs. Third 

theme of inappropriate trigonometric connections includes two subthemes which are 

learners’ inability to apply trigonometric identities and inadequate knowledge of 

quadrants and co-function concepts in trigonometry. The last theme of learners’ sense 

of connections between concepts and representations includes two subthemes which 

are relationship of algebraic and trigonometric concepts and relationship of functions 

to trigonometric equations. The themes emerged, were discussed and presented 

focusing on identifying intra-mathematical connections made by the learners.  

Theme 1: Learners’ inappropriate algebraic connections and lack of algebraic 

connections  

Subtheme: Learners were not able to solve equations within an interval 

DATA ANALYIS 

Observations   Documents Interviews  

Subthemes  

Themes 
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Figure 4.1: Learner’s response showing one solution to the conditioned 
equation 

From the observations made, there was a slight connection regarding the learnt 

concepts from the topic of trigonometry linked by inverse of functions to trigonometric 

equations. The equation of 𝑠𝑖𝑛𝑥 = 0,3 was the first to be given from the activities for 

the learners to solve. On how they would go about solving the equation, the learners 

chorally responded by saying that they would take sine to the other side and then find 

the value of angle 𝑥. However, during the observations the learners were challenged 

in finding more solutions in the given interval for the equation (See the response above 

in Figure 4.1). 

 

Figure 4.2 a) Learner 26                               Figure 4.2. b) Learner 12 

Figure 4.2: Learners’ response showing one solution to the conditioned 
equation 

Learners could not make connections from algebra to trigonometric equations through 

the link of intervals and inequalities that more possible solutions are required for the 

equation. Also, in most equations in activity 1, some learners found the first value of 𝑥 

which they calculated as the only 𝑥 value in the interval 0° ≤ 𝑥 ≤ 360 (see Figure 4.2). 
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After finding the reference angle, most learners substituted it on the interval to show 

that it is the only solution (see Figure 4.2 b).  This indicated the inability of learners to 

make links of intervals and inequalities to find other solutions for the given 

trigonometric equations 

Based on these observations in figure 4.1 and 4.2, neither the cast diagram rules nor 

the integrated graph were there to provide them with the ability to identify solutions 

within the specified time frame. The instructor demonstrated how to use alternative 

methods to solve the conditioned equation. This was carried out with learners as a 

means of finishing the assigned activity through questioning and responding. The 

instructor emphasized that building connections with prior knowledge is the foundation 

of solving trigonometric problems 

Subtheme: Learners’ inability to factorise the quadratic trigonometric equations 

  

Figure 4.3. a) Learner 25                           Figure 4.3. b) Learner 14 

Figure 4.3: Learners’ sample response of the challenge of factorising the 
quadratic trigonometric equations 

Responses to activity 2 of the equation 2𝑠𝑖𝑛2𝑥 − cos 𝑥 = 1 = 0, required learners to 

recognise the equation as being quadratic and in the process factorise it. However, 

some of the learners were stuck and others encountered challenges regarding 

factorisation towards solving quadratic trigonometric equations. Figure 4.3 shows 

samples of responses from learners who had difficulties with the existing knowledge 

of algebra which is connected to trigonometric equations through the links of quadratic 

equations and factorisation. 
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The response to the given equation on Figure 4.3 above shows that both learners 

made intra-mathematical connections of different representations that are equivalent. 

The learners made equivalent representation by changing 𝑠𝑖𝑛2𝑥 to 1 − 𝑐𝑜𝑠2𝑥 which is 

within same representation from algebraic to algebraic. Subsequently, learner 25 

made inappropriate intra-mathematical connections since he subtracted a constant 

from a coefficient of trigonometric function instead of grouping the like terms as part 

of the factorisation process which is a link. Learner 14 also struggled with the concepts 

of algebra, specifically factorisation. The learner does not know when to factorise the 

equation that is quadratic, hence he made the additive inverse of 1 as a constant value, 

subtracting the constant value from coefficient value of second degree function instead 

of grouping like terms together and also factorising with the second degree function 

which is negative. Moreover, lack of knowledge of the zero product property to 

quadratic equations after factorising. As a consequence, their responses indicated that 

learners were not able to recognise the standard form of quadratic equations, which 

shows the difficulties of concepts in algebra involving grouping like terms and 

factorisation that as links to trigonometric equations.  

 

Figure 4.4: Learner’s response of the challenge on finding appropriate factors 
for quadratic trigonometric equations 

Still on activities, when responding to the equation 2𝑐𝑜𝑠2 − 𝑐𝑜𝑠𝑥 − 1 = 0, other 

learners identified the equation as being quadratic and the concept of factorisation and 

zero product property being linked to the equation. However, they had the challenge 

in finding appropriate factors not realising that the factors found therein should lead 

back to the original equation. As such, learners continued finding solutions with 
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inappropriate connection of factors leading to wrong solutions that when substituted 

are not true for the equation. Figure 4.4 above represents the sampled learners’ 

results. 

 

Figure 4.5: Learner’s response of the challenge on factorising quadratic 
trigonometric equations 

The trigonometric equation test was analysed question by question looking at 

patterned responses for interpretation of their meaning and presentation in the 

findings.  The analysis of learners’ response to trigonometric equation test question 2 

number 2 indicated that learners were not able to factorise quadratic trigonometric 

equations. Nonetheless, from the sampled response the learner was realised of 

identifying the type of equation as quadratic trigonometric equation which required to 

be factorised. When solving the equation, he revealed the lack of standard form of a 

quadratic equation. Yet, the learner indicated the link of concept of factorisation from 

the node of algebra to trigonometric equations. He then shown the inability to undergo 

the process of factorisation which includes taking out the correct factors and making 

zero-product property. Therefore, Figure 4.5 above shows learners’ difficulty to be 

successful using the link of quadratic equations and factorisation to relate algebra and 

the main node which is trigonometric equation.  

EXTRACT 1 

T: In question two number 1 you were required to use factorisation to find solutions 

of equation 2𝑐𝑜𝑠2𝑥 − 3𝑐𝑜𝑠𝑥 = 2 for 0° ≤ 𝑥 ≤ 360°. Can you explain your response 

and why you couldn’t finish solving the equation? 

L: Here I used knowledge of algebra 

T: How? 
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L: By factorising and taking out the common factor. 

T: How did you factorise or take out the common factor? 

L: Firstly I made additive inverse of 2 and had 2𝑐𝑜𝑠2𝑥 − 3𝑐𝑜𝑠𝑥 − 2 = 0, after that I 

factorised  

T: Yes, factorise how? 

L: Botse (actually) this is the reason I did not finish the question because I get lost 

in the middle of solving the equation 

T: What makes you to get lost 

L:I get lost because of 2 on this 𝑐𝑜𝑠2𝑥 (referring to 2 which is coefficient of 𝑐𝑜𝑠2𝑥) 

T: Oh, so if it was not there what would you do? 

L: I would find factors of two which when I add they give me 3 and when I multiply 

they give me 2 

 

The learners were also interviewed on their responses to tasks on the trigonometric 

equation test scripts in some of the questions. In response to equation 2𝑐𝑜𝑠2𝑥 −

3𝑐𝑜𝑠𝑥 = 2 on question 2 of the quadratic trigonometric equation, Learner 5 was 

interviewed with regard to no responses on his script. The interview results of the 

learner unfolded in extract 1 above. From the interview, the response of learner 

regarding quadratic trigonometric equations reveals a challenge in factorising. The 

learner had the ability to identify the equation as quadratic and required factorisation 

as links from the node of algebra that connect to trigonometric equations which is the 

main node. However, according to the view of the learner, an equation with coefficient 

of second degree function as two and above affects him in finding factors for the 

quadratic trigonometric equation. 

Subtheme: Learners’ inability to compute fractions 
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Figure 4.6. a) Learner 25                               Figure 4.6. b) Learner 22 

Figure 4.6: Learners’ sample response on working with fractions 

Most learners made connections by relating the tangent quotient identity to the given 

trigonometric equation of 3𝑠𝑖𝑛𝑥 = 2𝑡𝑎𝑛𝑥. Learners used the concept of tangent 

quotient identity as a link connecting the node of trigonometry to trigonometric 

equations. In figure 4.6 above both learners showed intra-mathematical connections 

of different representations that are equivalent. The learners made equivalent 

representation by changing 𝑡𝑎𝑛𝑥 to 
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
 which is within same representation from 

algebraic to algebraic. Yet, in the process of finding the solutions learners realised of 

the challenge of fractions concept as a link between the node of algebra and 

trigonometric equations to further solve the equation. In Figure 4.6 Learner 25 

multiplied the numerator of a fraction on the left hand side with the one on the right 

hand side instead of making cross multiplication, as such continued with inappropriate 

procedures. Learner 22 treated coefficients of trigonometric functions as constants 

and grouped them together. The learners indicated challenge of not being able to work 

out fractions with coefficient as well as subtracting fractions. Concerned with 

subtracting fractions, learner 22 subtracted numerator with the numerator while 

continuing with inappropriate procedures. Thus, due to the challenges of knowledge 

of the fractions, the relationship they tried to build could not help them further in finding 

the possible set of solutions to the equation. 

Theme 2: Learners’ lack of and poor connections between representations 

Subtheme: Learners’ tendency to stick to same concepts and approaches  
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Figure 4.7. a) Learner 11                            Figure 4.7. b) Learner 4 

Figure 4.7: Learners’ sample response on inability to switch between 
representations 

During the activities, equation cos(𝑥 − 30°) = 𝑠𝑖𝑛𝑥 was given, where most learners just 

looked at the equation without attempting it. For some of the learners who managed 

to attempt the equation, they used same concepts such as inverse of trigonometric 

functions, reference angle and quadrants of a cast diagram as links which connected 

the topic of trigonometry as a node to trigonometric equations. Learners used the 

algebraic approach in solving the equation. Learner 4 made a linear equation in which 

the one side would have trigonometric functions and the other side a value by 

inappropriately punching 𝑠𝑖𝑛𝑥 on a calculator to give 0. Learners found the reference 

angle and solved the equation algebraically. In this case the concepts and approach 

used could not allow the learners to successfully solve the equation (See the response 

to the equation in Figure 4.7 above). Learners could not recognise and apply the topic 

of functions as a node linked to trigonometric equations by trigonometric graphs. As 

such, the learners failed to make representation connections by solving the equations 

graphically to find the solutions. Thus, learners lacked the ability to decide on and 

make connections with appropriate representations for given trigonometric equations. 

Regarding this aspect, the study noted that learners were stuck to use of the same 

concepts and approach in solving the equations. 
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Figure 4.8: Learners’ sample response of the challenge on interpreting graphs 

Subtheme: Learners’ inability to draw and interpret graphs 

The response sample from the test presented in Figure 4.8 reveals that learners tend 

to stick to the same concepts and approaches. Finding the solutions for the given 

equation where the 𝑔(𝑥) = 𝑓(𝑥),  learners took one function and made 𝑔(𝑥) to be zero, 

found the reference angle and solved the equation algebraically using rules of 

quadrants in a cast diagram. The concepts learners used of reference angle and cast 

diagram as links between the node of trigonometry and trigonometric equations as 

main node was not effective in the given representation of equations for finding 

solutions. As such, treated the 𝑥 values found for the function to be the very same 

solutions were the graphs  are equal. Learners displayed lack of representation 

connections of trigonometric equations. Thus, they lacked connections of 

trigonometric graphs, interpretations of graphs and points of intersections as links that 

occur between the nodes of functions and trigonometric equations to successfully find 

the solutions for the conditioned trigonometric equations. They had the challenge of 

the trigonometric equation being represented graphically and as such remained stuck 

to same approach. 
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Figure 4.9: Learners’ sample response of the challenge on interpreting graphs 

The sampled response of the learner from the trigonometric equation test indicates 

that learners were not able to identify the point of intersection for 𝑥 values as solutions 

from the graphs, whereby the point of intersection is a link connecting the node of 

trigonometry to trigonometric equations. The learner determined the values of 𝑥 for 

individual functions reading from the graphs although learners were required to find 

solutions of 𝑥 values where both functions are equal (see Figure 4.9). Also, learners’ 

poor previous knowledge regarding trigonometric graphs and interpretation of graphs 

as links between functions and trigonometric equations node were inappropriate and 

learners could not find correct solutions for the equations represented graphically 

within an interval. Thus, it is evident that the topic of functions as a node connecting 

to the main node of trigonometric equations by point of intersection, interpretation of 

graph and trigonometric graphs as links between the nodes is still inadequate for 

connections of representations. 

 

Figure 4.10: Learners’ sample response on lack of ability to draw the 
trigonometric functions graph 
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EXTRACT 2 

T:  (pointing learner’s response in test) I can see from your response that you used 

graphs in solving the equation  𝑠𝑖𝑛2𝑥 = cos (𝑥 − 10°). Can you explain how you 

went about solving it? 

L 4: I used the calculator in plotting the points of graphs. I saw that I have two 

trigonometric functions which is graph of sin and graph of cos. 

T: Why did you use the graphs? 

L 4: Because the equation confuses me when it has two different functions so I 

solved it graphically. 

T: So where are your solutions? How do you find the solution in terms of solving 

the equation graphically? 

L 4: By using the point of intersections 

T: Then what are the solutions for the equation? 

L 4: First one I thinks is 40° 

T: How do you know that it is 40° because reading from your graph I see 30°, 60° 

and so on. 

L 4: I just assume it is 40° because after 30° is 40° and close to 60° it must be 50° 

 

The learner did not solve the given equation of 𝑠𝑖𝑛2𝑥 = cos (𝑥 − 10°) correctly. The 

response displayed the inability to draw the trigonometric graphs as well as 

interpreting the graphs by finding solutions drawn from the point of intersections.  The 

learner’s response to the equation 𝑠𝑖𝑛2𝑥 = cos (𝑥 − 10°) indicates that they made 

connections by solving the equation through graphs from the given trigonometric 

equations represented algebraically. However, in solving the equation, learners 

showed the challenge of drawing the graphs as well as interpreting them to come up 

with solutions for the given equation. Learners’ problems of drawing the graph could 

not allow them to find solutions from the point of intersection (see Figure 4.10). It is 

clear from the learner’s response that the measurement of scale on both x-axis and y-

axis are not the same which leads to more inaccurate graphs to read and find correct 

solutions using the symmetry of the graph. This is revealed also when the learner is 

interviewed about the written task where she indicates that she assumed the solutions 

from the point of intersection (see extract 2). 
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Figure 4.11: Learners’ sample response of the challenge on interpreting         
graphs 

To identify more of the connections made by learners and how their ability affects their 

solution process, the teacher allowed the learners to build connections from their 

response of equations represented algebraically. The teacher interviewed the learner 

as he worked on the task of equation  5𝑠𝑖𝑛𝑥 + 1 = −2 .The interview unfolded as 

follows:  

EXTRACT 3 

T: Do you know any other way to solve the equation differently from how you solved 

it here (showing the learner her test script? 

L 6: Yes, I can solve it graphically 

T: Can you solve the equations differently as you are saying? 

L 6: uhhhmm…Yes, I can try. But solving it graphically I will be using my calculator. 

As I am using my calculator, I am going to say mode and 3 for table (punching the 

calculator). I will substitute my equation which is 5𝑠𝑖𝑛𝑥 + 1. As I am solving 

graphically, I will need to have two graphs. I am going to have a second graph which 

is −2. (The learner builds a table of values on the calculator for both functions of  

5𝑠𝑖𝑛𝑥 + 1 and −2, positions the points on the Cartesian plane drawn and therefore 

joins the points to form the graphs). 

T: So how will you go about finding the solutions from the graphs? 

L 6: There is a point of intersection and this is where the two graphs meet. The 1st 

graph and 2nd graph meet at 216,87° (Pointing on the graph). 

T: How do you know that it is 216,87°? 

L 6: I used the solutions of the method used in the test. 
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T: If you haven’t solved the equation using the other method before, how would you 

find the solutions for the equation? 

L 6: I don’t have an idea of how to solve it, because that is why I prefer to solve it 

algebraically. The thing is from here I become confused (referring to after sketching 

the graphs). 

 

The above extract 3 from the interview of learner 6 reveals the difficulties learners face 

in terms of relating graphs to the trigonometric equations. Though the learner was 

recognised of the idea of point of intersection concept as a link indicated by lines on 

such point on the graph from the topic of trigonometry node connecting to the main 

node of trigonometric equations, the fact that the points were not exactly directed to 

the x-values on the x-axis caused the difficulty (see Figure 4.11 above). Learners 

lacked the skill of using symmetry of the graph by first finding the reference angle, 

observing and using its distance between the x-values to compute other solutions. The 

learner considered solving the equations algebraically, firstly by using solutions from 

the method to determine solutions when solving equations graphically. Thus, learners 

showed inability to interpret the graphs in relation to finding solutions to trigonometric 

equations.   

Theme 3: Inappropriate trigonometric connections 

Subtheme: Learners’ inability to apply trigonometric identities   

 

Figure 4.12: Learners’ inappropriate connections of tangent quotient identity  
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According to learners’ responses to the equation 𝑐𝑜𝑠(𝑥 − 30) = 𝑠𝑖𝑛𝑥 in the tasks, 

some of the learners used the tangent function identity as a link to the equation and 

applied it in a wrong way.  Learners responded in that manner because of trying to get 

rid of two different trigonometric functions on both sides and had one trigonometric 

function on the other side only equated to a value. Learners showed that, they were 

used to solving linear equations consisting of one trigonometric function on the 

equation, thus they faced more challenges when solving linear trigonometric equations 

with two different trigonometric functions in the same equation. Thus, learners 

revealed a difficulty to apply trigonometric identities correctly. Tangent quotient identity 

was connected inappropriately as a link from the node of trigonometry to trigonometric 

equations. The learner’s response in Figure 4.12 revealed the learner’s inability to 

identify the co-function concept connected to the equation as a link from the topic of 

trigonometry and therefore made the unsuitable connection of tangent identity. The 

concepts are viewed as links between the main node of trigonometric equations and 

the node of trigonometry. However, learners’ sampled results in Figure 4.12 above 

show their lack of knowledge applying the link of tangent identity appropriately.  

   

Figure 4.13: Learners’ inappropriate connections of tangent quotient identity  

In the test, learners indicated that they still had a challenge in applying trigonometric 

identities appropriately. In their responses to equation 𝑠𝑖𝑛2𝑥 = cos (𝑥 − 10°), most 

learners observed to treat cos as number in the calculations with the perception of 

remaining with one trigonometric function. Learners applied the concept of tangent 

identity wrongly which links the trigonometric equation and the topic of trigonometry. 

The link made was not appropriate to allow the learners to find solutions as presented 
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in Figure 4.13 above. Thus, they made the procedures that were not applicable in 

trying to find the solutions.  

   

Figure 4.14: Learners’ inappropriate representation of Pythagorean identity  

Based on Figure 4.14, in their responses to equation 3𝑐𝑜𝑠2𝑥 − 5𝑠𝑖𝑛𝑥 − 1 = 0 , learners 

applied 1 − 𝑠𝑖𝑛𝑥 to 𝑐𝑜𝑠2𝑥 instead of 1 − 𝑠𝑖𝑛2𝑥. Learners were identified of making 

connections by the link of Pythagorean identity relating the node of trigonometry and 

trigonometric equations as the main node. However, the representation was 

inappropriate and the connections that they tried to build could not enable them to find 

the solutions for the particular equation. The equivalent representation made lacked 

squares as such indicated the poor knowledge of how the concept of identities have 

been derived. 

  

Figure 4.15: Learner’s inappropriate connection of the Pythagorean identity 

In addition, learners had difficulty in understanding and applying the learnt 

trigonometric identities as a link between trigonometry and trigonometric equations. 

Learners did not apply identities correctly. In interviews, Learner 14 said, “On quadratic 
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trigonometric equations, the problem is that the equations have a long way to be 

solved, and sometimes you might have the identities that you have to change so it 

gives me problem.” This is observed in Figure 4.15 above. Learners’ responses 

revealed lack of knowledge with originality of the identities, how they have been 

derived or conceptualised concerning their inappropriate connection of the 

Pythagorean identity to the equation. As a result, this is perceived to be a difficulty 

encountered by learners who did not develop their knowledge of the previous concepts 

clearly.  

Subtheme: Inadequate knowledge of quadrants and co-function concepts in 

trigonometry  

 

Figure 4.16: Learner’s lack of quadrants and reference angle knowledge 

Based on Figure 4.16 above in response to activity 2, the results show that the learner 

solved the equation with knowledge of trigonometry linked to the trigonometric 

equation by inverse and reference angle concepts used to adequately determine the 

first solution. However, the learner then treated the first solution as a reference angle 

which prohibited them to find more true solutions for the equation while using rules of 

quadrants in the CAST diagram, and so ended up with one true solution for the 

equation. The learner’s consideration of quadrants in his response is insufficient. The 

tangent is positive in the 1st and 3rd quadrants, something which is not evident in the 

learner’s solution, thereby choosing wrong quadrants with the wrong reference angle 

in trying to find more solutions within the interval. Learner’s responses revealed that 

they could make relationships of learnt concepts to the equation such as reference 

angle, quadrants and algebraic procedures. However, their knowledge in linking the 

concepts to the trigonometric equations was still inadequate as they treated their first 
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solution as reference angle and applied it to the rules of quadrants also choosing 

wrong quadrants. 

 

Figure 4.17: Learners’ inappropriate connection of co-function 

The solutions sampled above from responses to the test questions on Figure 4.17 

indicate that learners were able to identify the concept of co-function linking to the 

equation 𝑠𝑖𝑛2𝑥 = cos (𝑥 − 10°), yet they could not apply the identified concept 

properly. The confusion observed from the learners was with the connection about co-

function concept which showed to be inadequate in its representation. 

Theme 4: Learners’ sense of connections between concepts and 

representations 

Subtheme: Relationship of algebraic and trigonometric concepts  

 

Figure 4.18: Learner’s connections made on equation 𝟒𝒄𝒐𝒔𝒙 + 𝟑 = 𝟏 

The teacher gave learners an activity based on observing learners solving the 

equation 4𝑐𝑜𝑠𝑥 + 3 = 1. There was an integration of algebra to the trigonometric 
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equation, for example when one solves the algebraic equation of 4𝑥 + 3 = 1 connects 

to the trigonometric equation of 4𝑐𝑜𝑠𝑥 + 3 = 1. The algebraic equation worked as a 

guidance to enable learners to make links between the two equations. Most learners 

were able to make additive inverse of positive 3 and eliminated the coefficient 4 by 

dividing both sides by 4. They found the reference angle and mostly solved the 

equation algebraically by using the rules of quadrants in the CAST diagram. The 

network of concepts used by the learner on figure 4.18 for trigonometric equation 

of 4𝑐𝑜𝑠𝑥 + 3 = 1  is given as follows: 

 

 

 

                                  linear equation    additive inverse   

                                                                      

 

                                                                                    

                                     reference angle        cast diagram  

 

 

The observations from learners’ interactions as they discussed and worked on the 

activity and their written responses regarding this equation problem revealed the ability 

of learners to make a relationship between the learnt concepts of trigonometry and 

algebra topics which helped them to find the solutions. The links observed were the 

reference angle and the cast diagram from the node of trigonometry and additive 

inverse and linear equation from algebra connected to the equation. Learners’ 

responses indicated intra-mathematical connections of procedural type when solving 

given equations. The ability to make intra-mathematical connections enabled learners 

to make appropriate procedures such as how and when to make isolations of concepts 

by using processes of algebra which includes the additive inverse and how to go about 

using a specific method in finding the solutions using the quadrants rules (see 

response above in Figure 4.18).  

Algebra 

Trigonometric  equation: 4𝑐𝑜𝑠𝑥 + 3 = 1 

   Trigonometry  
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Figure 4.19: Learner’s connections made on equation  𝒔𝒊𝒏𝒙 = 𝒄𝒐𝒔𝟏𝟖𝟎° 

EXTRACT 4 

T: What do you understand by 𝑐𝑜𝑠180°? 

L 22: I think it is part of the special angle 

T: Can you explain to me your working? 

L 22: I have written the special angle of 𝑐𝑜𝑠180° which is −1 and made inverse of 

sine into a positive one because our reference angle should always be positive 

T: Then what happens with the negative sign? 

L 22: The negative sign gives direction of sine in the CAST diagram 

T: Carry on…! 

L 22: Yes, then sine is negative in 3rd and 4th quadrants, then used the rules in the 

quadrants to find my solutions which gave me 270°. 

T: How did you know that 270° is the true solution for the equation? 

L 22: I back substituted in the original equation and concluded that its true.  

 

Learners were asked to solve the equation 𝑠𝑖𝑛𝑥 = 𝑐𝑜𝑠180° in activity 1. They were 

expected to recognise the concept of special angle linking the node of trigonometry to 

the equation to be able to proceed to find solutions for the equation. Learners 

managed to solve the equation and as they were busy working on it I asked one of the 

learners to identify the connections made. The learner revealed procedural 

connections as he was probed on his working regarding steps taken.  He identified a 

special angle concept on 𝑐𝑜𝑠180° to allow him to use quadrant rules of cast diagram 

following the sign of the value he got from 𝑐𝑜𝑠180°. The concepts of special angle and 
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cast diagram were indicated from the learner’s responses in extract 4 as links from the 

node of trigonometry connecting to the main node of trigonometric equation. The 

learner also revealed the meaning connections by the concept of substitution as link 

from algebra to conclude if solutions for the equation are true. The above interaction 

is presented on Extract 4 with learner on his response in Figure 4.19: 

  

Figure 4.20. a) Learner 15                                    Figure 4.20.b) Learner 16 

Figure 4.20: Learners’ connections made on equation 𝒔𝒊𝒏𝒙 = −𝟎, 𝟖𝟔𝟔 

The responses to activity 2 demonstrated that at this stage most learners were able to 

solve trigonometric equations through making connections from trigonometric 

concepts and procedures to mostly linear trigonometric equations. Learners indicated 

the procedural connections type to get to the solutions. The use of concepts such as 

inverse, reference angle and quadrants rules were applied in a way that could make 

sense to learners as integrated in trigonometric equations. Learners’ responses in 

Figure 4.20 indicate trigonometry related to trigonometric equations by concepts of 

reference angle, inverse and quadrants as links between the nodes.  

EXTRACT 5 

T: Did you understand what was asked of you? 

L16: Yes 

T: Which is what? 

L16: Which is to find the values of angle 𝑥 which are true for the equation. 
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T: Can you explain how you solved the equation? 

L16: I started by making the inverse operation of sin on both side, and we all know 

that the reference angle should be positive so, on left side I made inverse of sin 

with positive 0, 866 in brackets and it gave me 60° and therefore proceeded to find 

where sin is negative on the cast diagram  

T: So how did you use the cast diagram 

L16: I found where sin is negative because our number after the equal sin (referring 

to the value on the right-hand side of the original equation) is negative, so, I found 

that it is quadrant 3 and 4. So I used the rules in the quadrants and my solutions 

were 240° and 300° and found that they are true for the equation. 

T: Why are you saying the solutions are true for the equation? 

L16: Because I back substituted them in the original equation. 

 

From the interview with the learner 16 in Extract 5 regarding the response to the 

activity in Figure 4.20, the learner showed the trigonometric concepts linked to the 

equation of 𝑠𝑖𝑛𝑥 = −0,866 which allowed her to successfully solve the equation.  she 

identified and used the concepts of reference angle and cast diagram from the node 

of trigonometry, and substitution from the node of algebra as links connecting both the 

nodes to trigonometric equations as main node. The learner’s responses in the 

interview revealed intra-mathematical connections of meaning connections type by 

concept of substitution as link to determine if solutions for the equation are true and 

explaining the meaning of solving trigonometric equations. 
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Figure 4.21: Learners’ connections made on equations 𝒄𝒐𝒔𝒙 =
𝟏

𝟐
, 𝟓𝒔𝒊𝒏𝒙 + 𝟏 =

−𝟐 and 𝒔𝒊𝒏(𝒙 + 𝟑𝟎°) =
𝟏

𝟐
 

Learners’ responses to trigonometric equation test question 1 where learners were 

asked to determine the value of 𝑥 in equation of 𝑐𝑜𝑠𝑥 =
1

2
, 5𝑠𝑖𝑛𝑥 + 1 = −2 and 

sin(𝑥 + 30°) =
1

2
 for 0° ≤ 𝑥 ≤ 360° revealed their ability to identify and link learnt 

knowledge of algebraic and trigonometric  concepts in the given types of linear 

trigonometric equations. Most learners could identify and use concepts of reference 

angle, additive inverse, the inverse operation and the rules of quadrants in a CAST 

diagram and correct algebraic procedures. Figure 4.21 above shows that learners 

were able to relate past concepts as links to the trigonometric equations. Hence, the 

steps taken in solving the equations demonstrate intra-mathematical connections of 

procedural type.  

 

Figure 4.22: Learner’s connections made on equation 𝟐𝒄𝒐𝒔𝟐𝒙 − 𝟑𝒄𝒐𝒔 𝒙 = 𝟐 

Accordingly, it is evident from the learners’ responses in question 2 of the test that 

they had the ability to make relationships between concepts of algebra and 

trigonometry. Subsequently, the learners related the given equation of 2𝑐𝑜𝑠2𝑥 −

3𝑐𝑜𝑠𝑥 = 2 with prior knowledge by considering the standard form of quadratic 

equations where they made the additive inverse of positive 2 on both sides. Learners 

found the correct factors, applied zero product property, the reference angle and used 

quadrants to find other solutions algebraically. Therefore, intra-mathematical 

connections of part-whole and procedural type were indicated in the learners’ solution 

processes. Part-whole connections were made when the learner identified that a 
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quadratic  trigonometric equations of 2𝑐𝑜𝑠2𝑥 − 3𝑐𝑜𝑠 = 2  is a case of 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0 

by making it a standard form through additive inverse of positive two on both sides 

and procedural connection were made when followed steps by the use of algebra 

processes and quadrants rules in solving the equations. This is demonstrated in the 

sampled response above in Figure 4.22. Figure 4.22 is indicated by a network of 

concepts used by the learner for trigonometric equation 2𝑐𝑜𝑠2𝑥 − 3𝑐𝑜𝑠 = 2  as follows: 

 

 

 

                  Quadratic equation            factorisation    additive inverse   

                                                                      

 

                                                                                    

                                     reference angle        cast diagram  

 

 

Subtheme: Relationship of functions to trigonometric equations 

 

Figure 4.23 a) Learner 22                           Figure 4.23 b) Learner 16 

Figure 4.23: Learners’ connections between representations   

Algebra 

TRIGONOMETRIC       EQUATIONS 

   Trigonometry  
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Findings from the observation indicated connections between the learnt concepts and 

representations from learners’ responses as they worked on the equation of 𝑠𝑖𝑛𝑥 =

0,866. Some learners engaged with others as they solved the equation. Learners 

observed to make connections effectively on the type of linear equations. From the 

interactions observed, two learners shared their workings on finding solutions by 

solving the equation algebraically and others graphically to the whole class on the 

board. Regarding the intra-mathematical connections in learners’ responses, 

procedural connections were made through the inverse operation, reference angle and 

quadrant rules on the CAST diagram and different representations connections were 

made through drawing of the graphs, interpreting them, and finding the point of 

intersection as solutions on graphs. Figure 4.23 above shows learner’s results of 

solving the equation algebraically and able to use algebra processes and quadrant 

rules. Also, figure 4.23 shows learner 16’s results of solving equations graphically and 

being able to make connections between the trigonometric equations and the 

functions. Thus, learner 16 was identified of making intra-mathematical connections 

of different representations that are alternate. She solved the equation represented in 

algebraic form to graphical approach in finding solution, as such visualised the concept 

of the trigonometric equation. As a result, the network of concepts used by the learner 

on figure 4.23 for trigonometric equation of 𝑠𝑖𝑛𝑥 = −0,866  is given as follows: 

 

                                          

                                                 Linear equation          additive inverse   

       Trigonometric graphs  

        

        Interpretation of graphs 

          

               Point of intersection                                                      

                                                              reference angle        cast diagram  

 

 

Algebra 

Trigonometric equations  𝑠𝑖𝑛𝑥 =

−0,866 

Functions 

   Trigonometry  
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Moreover, learners who used the graph to solve the equations were aided from this 

approach because this allowed them to find the solutions especially where the graphs 

were sketched appropriately with the y-axis and the x-axis on same scale. This also 

enabled them to find solutions using the symmetry of the graph in the case where the 

point of intersections was not exactly directed at values on the x-axis.  

 

Figure 4.24: Learners’ knowledge of graphs linked to equations 

Few of the learners could use the graphical method in activity 1 where they took the 

point of intersections as their solutions from the graph on  4𝑐𝑜𝑠𝑥 + 3 = 1. They made 

correct procedures and followed adequate algebraic processes as well as being able 

to find solutions from graphs where both graphs intersect. The high ability to make 

intra-mathematical connections allows learners to apply appropriate procedures, for 

example, how and when to isolate concepts and how to use a particular method to find 

the solutions. Learners who used the graph while solving the equations were able to 

find the solutions on point of intersections especially where the graphs were 

reasonable and sketched with area and domain with the same scale. Representing 

the equation through graphs indicated connections of alternate different 

representations and also allowed the learners to visualise the concept of trigonometric 

equation as well find all possible solutions within the interval (refer to Figure 4.24).  

Some learners who did not use the graph in finding the solutions maintained that the 

graphical approach is a long method and laborious. This can be improved by allowing 

learners more time to represent the equations graphically which provides a broader 

perception and understanding of trigonometric equations in a different way.  
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Figure 4.25: Learners’ connections between representations   

EXTRACT 6 

T: Can you explain how you found your solutions using the graph? 

L 23: I started by finding the reference angle where 𝑐𝑜𝑠180° is equated to −1. I then 

punched the function of 𝑠𝑖𝑛𝑥 in the calculator and it gave me values of both y-axis 

and x-axis and then plotted it. The second graph is of −1 throughout the x-axis. 

T: Then, how did you find the solutions? 

L 23: It came to my mind that the two graphs intersect at 270° and concluded it’s a 

solution. 

T: How did you conclude that the solution is true for the equation? 

L 23: I back substituted 270° in the original equation. 

  

In activity 1 the learner was observed to have made links of concepts to the 

trigonometric equation 𝑠𝑖𝑛𝑥 = 𝑐𝑜𝑠180° to be able to solve the equation and determine 

how true the solutions are for the given equation. The learner indicated the meaning 

connections by the concept of substitution as link to determine if solutions for the 

equation are true. Figure 4.25 above depicts the learner’s response to the task 

interviewed in extract 6. 

The learner was able to solve the equation both algebraically and graphically. He was 

able to find solutions when solving the equation algebraically by using the rules of 

quadrants in a CAST diagram which displayed procedural connections and graphically 

by plotting both graphs which indicated alternate different representations. From the 

dialogue and Figure 4.25 above, it is noted that although the learner could not present 
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the solutions in the end of the process, he could recognise the concept of the point of 

intersections as a solution from the graphs. Representing the equation graphically also 

indicated the learners had prior knowledge of trigonometric graphs and point of 

intersection as links that relates the node of functions to the trigonometric equations. 

Therefore figure 4.25 is showed by a network of concepts used by the learners for 

trigonometric equation 𝑠𝑖𝑛𝑥 = 𝑐𝑜𝑠180°  as follows: 

 

                                          

 

                                                   Linear equation      substitution      

       Trigonometric graphs  

        

        Interpretation of graphs 

          

               Point of intersection                                                      

                                                              reference angle cast diagram special angle 

 

 

 ` 

Figure 4.26: Learners’ connections between representations 

Moreover, in response to the test, some learners showed that they had past 

knowledge of trigonometric graphs, point of intersection and interpretation of graphs 

as links between trigonometry and the trigonometric equations node. They had the 

ability of identifying the point of intersection as solutions where they were asked to 

determine the values of 𝑥 in the interval −240° ≤ 𝑥 ≤ 240° for which 𝑓(𝑥) = 𝑔(𝑥). This 

indicated the meaning connections as learners interpreted the concept of trigonometric 

equations represented graphically. Learners displayed the meaning of solving 

Algebra 

Trigonometric equations  𝑠𝑖𝑛𝑥 =

𝑐𝑜𝑠180° 

Functions 

   Trigonometry  
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trigonometric equation by determining the unknown angle or the value of 𝑥 as where 

the graphs meet. Figure 4.26 shows the solutions interpreted from the trigonometric 

functions graph which proves that the intra-mathematical connections were made to 

get to the solutions.   

4.3. Summary of the chapter 

This chapter discussed the themes that emerged from the data collected through 

observation, documents and unstructured task-based interviews. The emerging 

themes involved learners’ inappropriate algebraic connections and lack of algebraic 

connections, learners’ lack of and poor connections between representations, 

inappropriate trigonometric connections and learners’ sense of connections between 

concepts and representations. Analysis of learners’ responses indicated intra-

mathematical connections made and how learners’ ability affects their solution process 

when solving trigonometric equations. Trigonometry topics, functions and algebra 

were applied through their concepts observed as links to trigonometric equations. The 

links connected the topics as nodes to the main node trigonometric equation and 

formed a network denoting connections and understanding of trigonometric equations. 

The next chapter focuses on the discussion, conclusions, and recommendations of 

the study.
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CHAPTER 5 

DISCUSSION, CONCLUSIONS AND RECOMMENDATIONS 

5.1. Introduction  

In the previous chapter the results from data analysis were presented. The data were 

collected, familiarized with, categorised and then presented as themes in response to 

the problem described in chapter one of this study. This chapter discusses the findings 

from the data analysis presented in the previous chapter and also highlights the main 

aspects of the study in the conclusion, which is followed by the recommendation of the 

study. It also discusses the conclusion and recommendations of this study. The 

purpose of this study was to explore Grade 11 learners’ intra-mathematical 

connections when solving trigonometric equations.  

5.2. Discussion 

The questions which guided this study were: What intra-mathematical connections do 

Grade 11 learners make when solving trigonometric equations? How do learners’ 

intra-mathematical connections efficacy affect their solution process? The results of 

this study addressed the afore-mentioned research questions.  

5.2.1. What intra-mathematical connections do Grade 11 learners make when 

solving trigonometric equations? 

The first research question investigated the intra-mathematical connections learners 

make when solving trigonometric equations. The findings of this study revealed that 

learners made the following intra-mathematical connections when solving 

trigonometric equations. These are procedural connections, different representation 

connections, part-whole connections and meaning connections. 

Procedural connections  

The results revealed that most learners were able to make procedural connections 

when solving trigonometric equations. Procedural connections take place when rules 

and formulas are used to arrive at results or to complete a given mathematical task 

(Garcia-Garcia & Dolores-Flores, 2020; Rodriguez-Nieto et al., 2021). For example, a 

learner who uses these connections when solving trigonometric equations uses rules 

and processes of algebra.  Learners were able to express trigonometric equations as 

algebraic equations before solving them. They then applied the knowledge of algebraic 

processes when solving the given equations. Algebra was used as a node through 
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processes such as grouping of like terms, factorisation as links to the trigonometric 

equations. The solutions to algebraic equations were equated to the trigonometric 

function and the cast diagram to find general solutions and angles within specific 

intervals. These results are consistent with Sarkam et al. (2019) who found out that 

learners can make links between different mathematical concepts in solving 

trigonometry problems.  Learners were able to use the trigonometry formula and 

appropriate algebraic operations. Contrarily, Ngu and Phan (2020) affirm that learners 

are not able to use or connect algebraic concepts to solve trigonometric problems. 

They have difficulty in solving trigonometric problems regardless of having learnt 

similar problems in algebra previously.  

On the other hand, some learners failed to make procedural connections. They were 

unable to express trigonometric equations in algebraic forms and establish links 

between the equations and other algebraic processes and procedures. These learners 

experienced challenges such as algebraic manipulations and simplifications, 

particularly of quadratic trigonometric equations and equations with fractions. These 

challenges prevented them from making appropriate procedures related to the 

trigonometric equations. These findings are consistent with the findings by Dolores-

Flores et al. (2019) who found that learners’ difficulties in manipulating algebra prohibit 

them to make intra-mathematical connections. The findings also concur with the 

observations by Rohimah and Prabawano (2020) who noted that learners have 

difficulties in factorising quadratic trigonometric equations and doing algebraic 

manipulations due to lack of prior knowledge of algebraic procedures.  

Different representations connections 

Learners’ responses demonstrated that they were able to make differential intra-

mathematical connection representations in activities and interviews. Different 

representation connections are mathematical connections that can be equivalent or 

alternate. Mathematical connections are alternate when a learner represents a 

mathematical concept of two different approaches in different states of representation 

such as algebraic to graphical, while equivalent representation involves a change 

within the same presentation such as from algebraic to algebraic (Garcia-Garcia & 

Dolores-Flores, 2020; Rodriguez-Nieto et al., 2021). Alternate representations where 

learners presented another form of trigonometric equations into the other were evident 
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in their responses. Learners were able to solve the equation represented in an 

algebraic form to a graphical approach in their finding of the solutions to the equations. 

In task-based interviews, different representations were evident as learners solved the 

equations in algebraic representation relating it to graphical representation.  Learners 

were able to relate concepts of Pythagorean identity and tangent identity to 

trigonometric equations which allowed them to make equivalent representations. As a 

result, for alternate representations, the node of functions was used through its links 

of trigonometric graphs, interpretation of graphs and point of intersections in 

determining solutions for the given equations. Additionally, the node of trigonometry 

was used through links of the Pythagorean identity and tangent identity for equivalent 

representations.  

Challenges of equivalent representations were discovered as well as where some 

learners made incorrect connections to equivalent representations such as the 

Pythagorean identity. Learners presented the Pythagorean identity without squares. 

In addition, when making equivalent representations, learners were not able to make 

appropriate connections in equations that required a link of the co-function where the 

equation had two different trigonometric functions. As such, they made inappropriate 

equivalent representations of the tangent quotient identity. Thus, these challenges 

indicate learners’ poor prior knowledge of the quotient identity and Pythagorean 

identity as they applied the concepts wrongly, thereby leading to inappropriate 

representation connections to the trigonometric equation. These findings reveal the 

difficulties that inhibit learners from arriving at correct solutions to trigonometric 

equations. These results are consistent with Nurmeidina and Rafidiyah’s (2019) 

observations that one of the difficulties learners encounter is the correct use of 

concepts when solving mathematical problems. 

Accordingly, challenges of alternate representations were also observed among 

learners, specifically in solving algebraic trigonometric equations through graphs. In 

their responses to test and task-based interviews, learners displayed their inability to 

draw the graphs and to interpret them towards finding solutions for the specific 

equations. In finding solutions from the graphs, learners indicated that they had to find 

solutions through the algebraic method and then guessed them on drawn graphs. 

Learners showed that they could not make interpretations of the graphs to enable them 

to find solutions to the equations. These findings support Mutodi’s (2015) observations 
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whose study maintains that the challenges learners encounter in solving trigonometric 

equations graphically is associated with the ability to interpret information from the 

graphs.  

Part-whole connections 

Learners were identified of making the part-whole connections in their responses.  

Part- whole connections are connections that arise when a learner identifies that A is 

a generalization of B where B is a case of A (Garcia-Garcia & Dolores-Flores, 2020; 

Rodriguez-Nieto et al., 2021). For example,  a quadratic  trigonometric equations of 

2𝑐𝑜𝑠2𝑥 + 𝑐𝑜𝑠𝑥 − 1 = 0  is a case of 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0. Likewise 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0  is the 

generalization of 2𝑐𝑜𝑠2𝑥 + 𝑐𝑜𝑠𝑥 − 1. In this study learners indicated the part-whole 

connection as an intra-mathematical connection where they solved the quadratic 

trigonometric equation with recognition of the standard form as is the generalisation of 

the equation. The learners were able to consider the second-degree function to always 

be positive, before they could factorise, the equation be in the form of  𝑎𝑥2 + 𝑏𝑥 + 𝑐 =

0 where learners grouped like terms to end up with the equation being in that format 

(general form). In solving trigonometric equations, learners could identify the quadratic 

trigonometric equation of  being a case of 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0. In some of the quadratic 

trigonometric equations, learners applied the Pythagorean identity where the concept 

applied allowed them to manipulate and simplify the equations to form 𝑎𝑥2 + 𝑏𝑥 + 𝑐 =

0. In that sense the learners used the part-whole type as they recognised that the 

equation should in the end be in that general form to allow them to proceed with finding 

solutions to the equations. Hence identified that 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0  is the generalization 

of quadratic equations. As a result, learners were identified of the part-whole intra-

mathematical connections as evidenced in their responses to the quadratic 

trigonometric equations. This is contrary to the view by Rohimah and Prabawanto 

(2020) who said in their results that learners have difficulty in applying the general 

trigonometry formula or equation concept.  

Meaning connections  

Learners were able to show intra-mathematical connection of meaning when 

responding to questions in the activities and interview tasks. Meaning connections are 

connections displayed when learners link a meaning to a mathematical concept as 

well as, how they interpret the concepts which is what the concept mean according to 
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them (Garcia-Garcia & Dolores-Flores, 2020; Rodriguez-Nieto et al., 2021). Regarding 

this, learners communicate the meaning of mathematical concepts as well as the 

definitions they built for the concept. Meaningful connections were evident in learners’ 

responses to activities, the test given and interview tasks. This related to what learners 

understood by trigonometric equations and what the solutions they got when solving 

the equations meant. As a result, the meaning learners attached to the concept 

trigonometric equations, enhanced their ability to understand and prevent difficulties 

to trigonometric equations. This results confirm what Martin-Fernandez, Ruiz-

Hiladalgo and Rico (2019) stated that the meaning of a concept does not bring in 

challenges for its understanding.   

Findings of the study indicate that when concepts are linked appropriately, they tend 

to have meaning connections. Learners’ ability of solving trigonometric equations 

involving looking for the unknown as an angle and finding if the solution is true by 

making substitution in the original equation for both sides to represent same values 

were observed as meaning attached to the equation. The links which are angle and 

substitution concepts tied to trigonometry and algebras respectively as nodes to the 

main concept trigonometric equation formed a network denoting connections and 

understanding of the trigonometric equation. 

5.2.2. How do learners’ intra-mathematical connections efficacy affect their 

solution process? 

In solving trigonometric equations, learners’ intra-mathematical connections efficacy 

was observed on how it affects their solution process. This was observed from 

activities, the test and during task-based interviews. The ability of learners to make 

intra-mathematical connections was observed with some learners having low ability 

and high ability intra-mathematical connection. Hence, the question about how 

learners’ ability to make intra-mathematical connections affected their solution 

processes was influenced by either high or low intra-mathematical connections ability. 

Learners’ low intra-mathematical connections ability led them to commit errors in 

procedures and representations in their solution processes. Learners’ connection of 

learnt concepts to solving trigonometric equations was observed to be low and this 

affected their solution processes causing them to make wrong representations of 

trigonometric identities and graphs. Learners made wrong procedures such as 



79 
 

factorising without the equation being a general standard form. How learners made 

inappropriate representations, procedural errors and poor manipulative skills in their 

solution process revealed poor knowledge and concepts learnt previously, hence the 

low intra-mathematical connections efficacy. This is consistent with Chigonga (2016) 

who noted that learners’ errors when solving trigonometric equations were based on 

skills and concepts taught from previous grades. Hence, the low efficacy of intra-

mathematical connections affected their solution process to a point where they got 

stuck or could not come up with correct solutions to the equation for a given condition. 

Accordingly, the high ability to make intra-mathematical connections helped learners 

to make appropriate procedures and representations, further enabling them to 

effectively visualise the equation respectively. Learners’ ability to make intra-

mathematical connections affected their solution processes in way that relationships 

of concepts allowed for correct procedures and representations. Representing the 

equations graphically noted to be a clear visualisation of the equations whereby the 

point of intersection of graphs indicated solutions for the given equations.  Also, taking 

the quadratic trigonometric equations, learners displayed equivalent representation 

connections and represented the equations algebraically during the process of finding 

solutions. As a result, learners’ high intra-mathematical connections efficacy impacted 

their solution processes in a way that there was sense, flow and organised ideas or 

concepts linked together to the main node of trigonometric equations towards finding 

solutions to conditioned trigonometric equations.  

5.3. Conclusion 

This study sought to explore Grade 11 learners’ intra-mathematical connections when 

solving trigonometric equations. The study presents conclusions on the intra-

mathematical connections learners made as noted in the discussions. Four intra-

mathematical connections, namely, procedural connections, different representations, 

part-whole and meaning type of connections were identified. Learners solved 

trigonometric equations using concepts such as identities, graphs, factorisation, co-

function as links from the node of trigonometry, functions and algebra which allowed 

them to successfully solve the equations. The efficacy to make intra-mathematical 

connections affected their solution processes regarding to learners having high or low 

ability. Learners with high intra-mathematical connections ability showed logic and 

well-thought ideas in their solution processes through connections made between 
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learnt concepts and trigonometric equations and were able to find solutions. However, 

learners with low intra-mathematical connections ability displayed lack of capability to 

arrive at solutions due to challenges of inappropriate connections regarding learnt 

concepts in the process of solving trigonometric equations. 

The study found that learners experience challenges with intra-mathematical 

connections. They make incorrect connections which cause them to obtain wrong 

answers to trigonometric equations. Regarding procedural connections, the learners 

revealed poor prior knowledge of concepts in algebra such as quadratic equations and 

factorisation. Concerning connections of different representations, learners were 

challenged with presenting equations graphically or finding solutions from drawn 

graphs. They indicated difficulties in drawing and interpreting graphs. Lack of 

conceptual understanding and basic concepts such as identities, co-functions affected 

learners negatively in representations and computations to an extent that they could 

not arrive at solutions.  In addition, although some links were poor and some were 

inappropriate, the connections were made to the trigonometric equations.  

On the other hand, the results show that learners were able to make intra-

mathematical connections when solving trigonometric equations. Learners were able 

to apply mathematical concepts learnt earlier as links to the learning of trigonometric 

equations. As mentioned in the theoretical framework that the learning of a concept 

requires links to shed light on the new concept being learnt (Mowat & Davis, 2010). 

This supports the view that learners’ understanding of trigonometric equations is 

based on connection of concepts in trigonometry as a whole and concepts from 

mathematical topics such as algebra and functions. Likewise, the intra-mathematical 

connections improve understanding of concepts being learnt which also grows with 

intra-mathematical connections efficacy.  

As a result, the study demonstrated the network theory where nodes were presented 

by the topics and links by concepts within the topics to the trigonometric equations as 

the main node or concept in the web. Trigonometric equations were related to many 

concepts and to build understanding of the trigonometric equation concept learners 

needed to understand more mathematical concepts linked to it. Links to trigonometric 

equations including identities, factorisation and functions were identified and applied 

to make sense of trigonometric equations. From this, a network was illustrated in which 
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a number of relevant links between the nodes helped to build the knowledge of the 

main concept. These enabled me to identify the type of connections made. 

Connections to trigonometric equations revealed in Chapter 4 are identified as part of 

the network structure of the concept.  

5.4. Recommendations 

The findings of this study indicates that learning through making intra-mathematical 

connections needs to be strengthened to further improve mathematics learning and 

teaching. It is recommended that mathematical connections between concepts should 

be encouraged, and learners should be guided in making such connections in groups 

to allow discussions among them. Teachers should provide a foundation of past 

knowledge in the learning of new concepts so that the learners can see the origin and 

derivations of concepts connected to the concept being learnt. This will provide 

conceptual understanding and avoid the errors involved in the connections such as 

procedural and different representations. Therefore, this study recommends that the 

understanding of mathematical concepts can be developed through the skill of making 

intra-mathematical connections. As such, there is still a need for further studies on 

intra-mathematical connections taking a particular topic or concept in mathematics. It 

is suggested that further research on intra-mathematical connections that learners 

make in mathematics be explored to enhance lifelong mathematical understanding of 

concepts and these concepts be learnt not in isolation but be interlinked during 

problem solving processes. 
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APPENDICES 

APPENDIX 1 

LETTER TO THE LIMPOPO DEPARTMENT OF EDUCATION    

Box 8037 

Bakone 

0746 

22 July 2021 

The Head of Department  

Limpopo Department of Education 

Corner 113 Biccard & 24 Excelsior Street 

POLOKWANE, 0700 

   

Dear sir/madam 

Re: Request for conducting a research at a school in Mankweng Circuit 

I am a student at University of Limpopo doing Masters in the Department of 

Mathematics, Science and Technology education. As part of the fulfilment of this 

degree, I am expected to collect data in the form of teaching episodes for the research 

titled: Exploring grade eleven learners’ intra-mathematical connections when 

solving trigonometric equations. In order to achieve the purpose of this study, I 

therefore humbly request your learners to be the participants in this research. 

Please be assured that the process will not interrupt teaching and learning at the 

school and that the confidentiality of the information gathered will be maintained. 

Therefore, the school and the learners will not be identified by names in the whole 

process.  

Thank you in advance for your consideration. 

Yours in education 

 
PHELE E.C (Masters student)  
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APPENDIX 2 

LETTER TO THE CIRCUIT MANAGER                  

Box 8037 

Bakone 

0746 

22 July 2021 

The circuit manager 

Mankweng circuit 

Sovenga 

0737 

   

Dear sir/madam 

Re: Request for conducting a research at a school in Mankweng Circuit 

I am a student at University of Limpopo doing Masters in the Department of 

Mathematics, Science and Technology education. As part of the fulfilment of this 

degree, I am expected to collect data in the form of teaching episodes for the research 

titled: Exploring grade eleven learners’ intra-mathematical connections when 

solving trigonometric equations. In order to achieve the purpose of this study, I 

therefore humbly request your learners to be the participants in this research. 

Please be assured that the process will not interrupt teaching and learning at the 

school and that the confidentiality of the information gathered will be maintained. 

Therefore, the school and the learners will not be identified by names in the whole 

process.  

Thank you in advance for your consideration. 

Yours in education 

 
PHELE E.C (Masters student)  
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APPENDIX 3 

LETTER TO THE SCHOOL PRINCIPAL                  

Box 8037 

Bakone 

0746 

22 July 2021 

The principal 

Secondary School 

Sovenga 

0737 

   

Dear sir/madam 

Re: Request for conducting a research in your school  

I am a student at University of Limpopo doing Masters in the Department of 

Mathematics, Science and Technology education. As part of the fulfilment of this 

degree, I am expected to collect data in the form of teaching episodes for the research 

titled: Exploring grade eleven learners’ intra-mathematical connections when 

solving trigonometric equations. In order to achieve the purpose of this study, I 

therefore humbly request your learners to be the participants in this research. 

Please be assured that the process will not interrupt teaching and learning at the 

school and that the confidentiality of the information gathered will be maintained. 

Therefore, the school and the learners will not be identified by names in the whole 

process.  

Thank you in advance for your consideration. 

Yours in education 

 
PHELE E.C (Masters student)  
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APPENDIX 4 

LETTER TO THE PARENTS             

Box 8037 

Bakone 

0746 

22 July 2021 

Dear Parent 

I am a student at University of Limpopo doing Masters in the Department of 

Mathematics, Science and Technology education. As part of the fulfilment of this 

degree, I am expected to collect data in the form of teaching episodes for the research 

titled: Exploring grade eleven learners’ intra-mathematical connections when 

solving trigonometric equations. In order to achieve the purpose of this study, I 

therefore humbly request your children to be the participants in this research. 

Please be assured that the learners will not be interrupted from learning and their 

identity will not be revealed. Please respond by signing the letter and return it to the 

researcher. 

Thank you in advance for your consideration. 

 

Yours in education 

 
PHELE E.C 

PARENTS ACCEPTANCE                     CHILD’S NAME AND SURNAME: 

_____________________                            ________________________ 
SIGNATURE                                                   DATE  
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Box 8037 

Bakone 

0746 

22 July 2021š 

Thobela Motswadi 

Ke nna moithuti Yunibesithing ya Limpopo, Ke ithutela kgarata ya Masters lefapheng 

la Dipalontshetshere le dithutwana tša mahlale. O mongwe wa mešomo yeo ke 

lebeletšwego go e dira ke go nyakana le tshedimošo ka mokgwa wa ruta dikarolo tsa 

nyakišišo ka hlogo ye e latelago: Exploring grade eleven learners’ intra-

mathematical connections when solving trigonometric equations. Gore ke kgone 

go phethagatša nyakišišo ye, ka boikokobetšo ke kgopela bana ba lena gore ba be 

batšeakarolo mo nyakišišong ye. 

Ke a le kgonthišišetša gore nyakišišo ye e ka se ke ya šitiša dithuto tša bana le 

boitšhupo bja bana bo ka se tšweletšwe pepeneneng. Ke kgopela le saene lengwalo 

le e le ge le laetša gore le a dumela gore bana ba lena e be batšeakarolo gomme le 

boye go monyakišiši 

Nka thaba kudu ge kgopelo yaka e ka elwa hloko. 

Wa lena thutong 

 
PHELE E.C 

KAMOGELO YA MOTSWADI                   LEINA LE SEFANE SA NGWANA: 

_____________________                            ________________________ 
MOSAENO                                                    TŠATŠIKGWEDI  
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APPENDIX 5 

ASSENT FORM REQUESTING LEARNERS TO PARTICIPATE IN THE 

RESEARCH 

 

Researcher: PHELE E.C.  

I am a student at University of Limpopo doing Masters in the Department of 

Mathematics, Science and Technology education. As part of the fulfilment of this 

degree, I am expected to collect data in the form of teaching episodes for the research 

titled: Exploring grade eleven learners’ intra-mathematical connections when solving 

trigonometric equations. 

In order to achieve the purpose of this study, I therefore humbly request you to be the 

participants in this research 

In terms of collecting data there will be teaching episodes in which there would be 

cameras positioned in a way that will capture all classrooms interactions. There will at 

the end be interviews which will also be recorded. 

Your names, identity and school name will not be revealed however pseudonyms will 

be used in this case. 

Participating in this study is voluntarily. If you do not want to be part of this study, you 

do not need to participate. Also, deciding not to participate or changing your mind at a 

later stage will not upset anyone. 

You can ask any question about the study. 

I understand being part of this study research is willingly  Yes/No 

I have been given chance to ask questions  Yes/No 

I understand this study and willing to participate in it Yes/No 

 

__________________________                                                            ___________________ 

Participant signature                                                                                   date 

 

  



104 
 

APPENDIX 6 

TRIGONOMETRI EQUATION ACTIVITIES  

ACTIVITY 1              

1. Solve 𝑠𝑖𝑛𝑥 = 0,3  for 0° ≤ 𝑥 ≤ 360° 

2. Solve 𝑠𝑖𝑛𝑥 = 𝑐𝑜𝑠180° for 0° ≤ 𝑥 ≤ 360°     

3. Solve for 4𝑐𝑜𝑠𝑥 + 3 = 1 for −180° ≤ 𝑥 ≤ 180° 

4. Solve 𝑡𝑎𝑛2𝑥 = 4 for 0° ≤ 𝑥 ≤ 360°   

5. Solve for sec (𝑥 − 45) = 1,302 for 0° ≤ 𝑥 ≤ 360°   

 

 ACTIVITY 2   

1. Solve 𝑠𝑖𝑛𝑥 = −0,866 for 0° ≤ 𝑥 ≤ 360°   

2. Solve tan(2𝑥 − 10°) = 2,5  for ° − 180° ≤ 𝑥 ≤ 180°                                           

3.  Solve cos(𝑥 − 30°) = 𝑠𝑖𝑛𝑥 for 0° ≤ 𝑥 ≤ 360°  

4. Solve 𝑠𝑖𝑛2𝑥 = −0,327  for −180° ≤ 𝑥 ≤ 180°        

5. Solve 2𝑠𝑖𝑛2𝑥 − 𝑐𝑜𝑠𝑥 + 1 for 0° ≤ 𝑥 ≤ 360° 

6. Solve 2𝑐𝑜𝑠2𝑥 − 𝑐𝑜𝑠𝑥 − 1 = 0  for −180° ≤ 𝑥 ≤ 180°                                      
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APPENDIX 7 

TRIGONOMETRIC EQUATIONS TEST 

 

TOTAL MARKS: 40 

DURATION: 90 MINUTES  

INSTRUCTIONS  

Read the following instructions carefully before answering the questions. 

1. This paper consists of 2 questions.  

2.  Answer ALL the questions.  

3.  Clearly show ALL calculations, diagrams, graphs, et cetera which you have 

used in determining your solutions.  

4.  You may use an approved scientific non-programmable calculator. 

5.  Number the answers correctly according to the numbering system used in this 

question paper.  

 

QUESTION 1 [16 marks] 

1. Determine the value of 𝑥 in each for 0° ≤ 𝑥 ≤ 360°      

1.1. 𝑐𝑜𝑠𝑥 =
1

2
                     

(3) 

1.2.  5𝑠𝑖𝑛𝑥 + 1 = −2         (3)                                                     

1.3. sin(𝑥 + 30°) =
1

2
          (3) 

2. Solve for 𝑥 if: 

2.1. 𝑐𝑜𝑠𝑒𝑐(𝑥 + 20°) = 1,145  𝑥𝜖[0°; 360°] round off the solution to two 

decimals.    (4)                                                

2.2. 𝑠𝑖𝑛2𝑥 = 𝑐𝑜𝑠(𝑥 − 10°)  𝑥𝜖[0°; 180°]                                                                    (3) 

QUESTION 2 [24 marks] 

1. Use factorisation to find the solutions of: 

1.1. 2𝑐𝑜𝑠2𝑥 − 3𝑐𝑜𝑠𝑥 = 2 for 0° ≤ 𝑥 ≤ 360°                                                           (5) 

1.2.  3𝑠𝑖𝑛𝑥 = 2𝑡𝑎𝑛𝑥 −180° ≤ 𝑥 ≤ 180°                                                                 (6) 
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2. Give the general solution to the following equations 

2.1. 𝑡𝑎𝑛2𝑥 = 4         (3) 

2.2. 3𝑐𝑜𝑠2𝑥 − 5𝑠𝑖𝑛𝑥 − 1 = 0                                                                                 (7) 

 

3. In the diagram below, the graphs of 𝑓(𝑥) = 𝑐𝑜𝑠𝑥 −
1

2
 and 𝑔(𝑥) = sin (𝑥 + 30°) are 

drawn on the same system of axes for −240° ≤ 𝑥 ≤ 240°. 

 

 

3.1. Determine the values of 𝑥 in the interval −240° ≤ 𝑥 ≤ 240°, for which 

𝑓(𝑥) = 𝑔(𝑥).                                                                                                             (3) 

 

                                               TOTAL MARKS: 40 
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TRIGONOMETRIC EQUATIONS TEST MEMORANDUM  

QUESTION 1 

1. Determine the value of 𝑥 in each for 0° ≤ 𝑥 ≤ 360°      

1.1. 𝑐𝑜𝑠𝑥 =
1

2
   

𝑥 = cos−1 (
1

2
) 

𝑟𝑒𝑓 ∠ = 60°√ 

𝑥 = 60°                𝑜𝑟           𝑥 = 360° − 60° = 300°√ 

∴ 𝑥 = 60°; 300°√ 

OR 

𝑐𝑜𝑠𝑥 =
1

2
   

𝑥 = cos−1 (
1

2
) 

𝑟𝑒𝑓 ∠ = 60°√ 

√ 

𝑥 = 60°                𝑜𝑟           𝑥 = 300° 

∴ 𝑥 = 60°; 300°√ 

1.2. 5𝑠𝑖𝑛𝜃 + 1 = −2 

5𝑠𝑖𝑛𝑥 = −3 

𝑠𝑖𝑛𝑥 = −
3

5
√ 

𝑥 = sin−1(
3

5
) 

𝑟𝑒𝑓∠ = 36,87°√ 
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𝑥 = 180° + 36, 87° = 216,87      𝑜𝑟     𝑥 = 360° − 36,87° = 323,13°            

∴ 𝑥 = 216,87; 323,13°√ 

 

OR 

5𝑠𝑖𝑛𝜃 + 1 = −2 

5𝑠𝑖𝑛𝑥 = −3 

𝑠𝑖𝑛𝑥 = −
3

5
√ 

𝑥 = sin−1(
3

5
) 

𝑟𝑒𝑓∠ = 36,87°√ 

√ 

𝑥 = 180° + 36, 87° = 216,87      𝑜𝑟     𝑥 = 360° − 36,87° = 323,13°            

∴ 𝑥 = 216,87; 323,13°√ 

1.3. sin(𝑥 + 30°) =
1

2
   

𝑥 + 30° = sin−1(
1

2
) 

𝑟𝑒𝑓∠ = 30°√ 

𝑥 + 30° = 30°            𝑜𝑟     𝑥 + 30° = 360° + 30°       𝑜𝑟       𝑥 + 30°

= 180° − 30°  √ 
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𝑥 = 30° − 30° = 0°            𝑥 = 390° − 30° = 360°                𝑥 = 150° − 30°

= 120°   

∴ 𝑥 = 0°; 120°; 360°√ 

 

                               OR 

sin(𝑥 + 30°) =
1

2
   

𝑥 + 30° = sin−1(
1

2
) 

𝑟𝑒𝑓∠ = 30°√ 

√ 

𝑥 = 0°    𝑜𝑟         𝑥 = 120°   𝑜𝑟        𝑥 = 360° 

∴ 𝑥 = 0°; 120°; 360°√ 

2. Solve for 𝑥 if: 

2.1. 𝑐𝑜𝑠𝑒𝑐(𝑥 + 20°) = 1,145  𝑥𝜖[0°; 360°] 

1

sin (𝑥 + 20°)
√= 1,145 

sin(𝑥 + 20°) =
1

1,145
√ 

𝑥 + 20° = sin−1(
1

1,145
) 

𝑟𝑒𝑓∠ = 60, 85°√ 

𝑥 + 20° = 60,85°                   𝑜𝑟                 𝑥 + 20° = 180° − 60,85° 

𝑥 = 60.85° − 20° = 40,85°    𝑜𝑟             𝑥 = 119,15 − 20° = 99,15° 
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∴ 𝑥 = 40,85°; 99,15°√ 

 

2.2. 𝑠𝑖𝑛2𝑥 = 𝑐𝑜𝑠(𝑥 − 10°)  𝑥𝜖[0°; 180°]                    

cos(90° − 2𝑥)√ = cos (𝑥 − 10°) 

90° − 2𝑥 = 𝑥 − 10° 

100° = 𝑥 + 2𝑥 

100° = 3𝑥√ 

∴ 𝑥 = 33,33°√ 

QUESTION 2 

1. Use factorisation to find the solutions of: 

1.1. 2𝑐𝑜𝑠2𝑥 − 3𝑐𝑜𝑠𝑥 = 2 for 0° ≤ 𝑥 ≤ 360°      

2𝑐𝑜𝑠2𝑥 − 3𝑐𝑜𝑠𝑥 − 2 = 0√                

(2𝑐𝑜𝑠𝑥 + 1)(𝑐𝑜𝑠𝑥 − 2) = 0√          

2𝑐𝑜𝑠𝑥 + 1 = 0         𝑜𝑟        𝑐𝑜𝑠𝑥 − 2 = 0               

2𝑐𝑜𝑠𝑥 = −1            𝑜𝑟          𝑐𝑜𝑠𝑥 = 2            

𝑐𝑜𝑠𝑥 = −
1

2
                              𝑥 = cos−1(2)      

𝑥 = cos−1 (
1

2
)                         𝑥 = 𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑√  

𝑟𝑒𝑓∠ = 60°√ 

𝑥 = 180° + 60° = 240° 

𝑥 = 180° − 60° = 120° 

∴ 𝑥 = 120°; 240°√ 

 

1.2. 3𝑠𝑖𝑛𝑥 = 2𝑡𝑎𝑛𝑥 −180° ≤ 𝑥 ≤ 180°    

3𝑠𝑖𝑛𝑥 =
2𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
√         

3𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 = 2𝑠𝑖𝑛𝑥                

3𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 − 2𝑠𝑖𝑛𝑥 = 0√        

𝑠𝑖𝑛𝑥(3𝑐𝑜𝑠𝑥 − 2) = 0√               

𝑠𝑖𝑛𝑥 = 0                        𝑜𝑟            3𝑐𝑜𝑠𝑥 − 2 = 0      

𝑥 = sin−1(0)                               𝑐𝑜𝑠𝑥 =
2

3
         

𝑟𝑒𝑓∠ = 0°√                                      𝑥 = cos−1(
2

3
 )       

𝑥 = 0°                                             𝑟𝑒𝑓∠ = 48,19°√           

𝑥 = 180° − 0° = 180°                   𝑥 = 48,19°          

 ∴ 𝑥 = 0°; 48,19°; 180°√                                                          

2. Give the general solution to the following equations 

2.1. 𝑡𝑎𝑛2𝑥 = 4 

2𝑥 = tan−1(4) 
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𝑟𝑒𝑓∠ = 75,96°√ 

2𝑥 = 75,96° + 180°𝑘, 𝑘𝜖ℤ        𝑜𝑟 2𝑥 = 180° + 75,96° + 180°𝑘, 𝑘𝜖ℤ  

𝑥 = 37,98° + 90°𝑘, 𝑘𝜖ℤ√                       𝑥 = 127, 98° + 90°𝑘, 𝑘𝜖ℤ√  

 

2.2. 3𝑐𝑜𝑠2𝑥 − 5𝑠𝑖𝑛𝑥 − 1 = 0                                                                                  

3(1 − 𝑠𝑖𝑛2𝑥) − 5𝑠𝑖𝑛𝑥 − 1 = 0√ 

3 − 3𝑠𝑖𝑛2𝑥 − 5𝑠𝑖𝑛𝑥 − 1 = 0 

−3𝑠𝑖𝑛2𝑥 − 5𝑠𝑖𝑛𝑥 + 2 = 0 

3𝑠𝑖𝑛2𝑥 + 5𝑠𝑖𝑛𝑥 − 2 = 0√ 

(3𝑠𝑖𝑛𝑥 − 1)(𝑠𝑖𝑛𝑥 + 2) = 0√ 

3𝑠𝑖𝑛𝑥 − 1 = 0                𝑜𝑟                 𝑠𝑖𝑛𝑥 + 2 = 0 

𝑠𝑖𝑛𝑥 =
1

3
                                             𝑠𝑖𝑛𝑥 = −2                   

𝑥 = sin−1 (
1

3
)                                                 𝑥 = sin−1(2)           

𝑟𝑒𝑓∠ = 19,47°√                                          𝑥 = 𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑 √                                             

𝑥 = 90° + 19,47° + 360°𝑘, 𝑘𝜖ℤ 

    = 109,47 + 360°𝑘, 𝑘𝜖ℤ√ 

𝑥 = 180° − 19,47° + 360°𝑘, 𝑘𝜖ℤ 

    = 160, 53° + 360°𝑘, 𝑘𝜖ℤ√ 

3. In the diagram below, the graphs of 𝑓(𝑥) = 𝑐𝑜𝑠𝑥 −
1

2
 and 𝑔(𝑥) = sin (𝑥 + 30°) 

are drawn on the same system of axes for −240° ≤ 𝑥 ≤ 240°. 

3.1. Determine the values of 𝑥 in the interval −240° ≤ 𝑥 ≤ 240°, for which 

𝑓(𝑥) = 𝑔(𝑥).           

𝑥 = −120°; √   0°√ 𝑎𝑛𝑑 240°√                                                                                                    
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APPENDIX 8 

OBSERVATION GUIDE  

 

Making connection of learnt mathematical concepts and topics to trigonometric 

equations  

   1 2 3 4 

No connections of 

concepts made 

Connections of 

concepts are 

incorrectly made  

Connections of 

concepts  are 

correctly made but 

slightly  

Connections of 

concepts are 

made adequately  

Interpretation   
 

 

 

How learners’ ability to make connections between concepts influence their 

solution process. 

 

1                    2-3 4 

Low ability allows 

for procedural 

error, poor or no 

visualization of 

concepts  

 

Middle ability allow for slightly correct 

procedures; visualization of equations is 

somewhat evident  

 

High ability allow 

for appropriate 

procedures are 

made, allow for 

visualisation of 

equation 

Interpretation   
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APPENDIX 9 

APPROVAL LETTER FROM LIMPOPO DEPARTMENT OF EDUCATION 
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APPENDIX 10 

APPROVAL LETTER FROM THE CIRCUIT MANAGER 
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APPENDIX 11 

APPROVAL LETTER FROM THE PRINCIPAL OF THE SCHOOL 

 

 


